
We consider skew scattering in this note taking single gate screened Coulomb potential with charge 1 as example. 

𝑉𝑖(|𝑟 − 𝑅𝑖|) =
𝑒2

4𝜋𝜀0𝜀
(

1

|𝑟 − 𝑅𝑖|
−

1

√|𝑟 − 𝑅𝑖|2 + 𝑑2
) 

Here 
𝑑

2
 is the distance between TBG and gate. In plane wave basis, we have the scattering Hamiltonian 𝐻𝑖 

𝐻𝑖 =
1

Ω
∑ ∫ 𝑑𝑟 𝑒𝑖(𝑘−𝑘′)∙𝑟𝑉𝑖(|𝑟 − 𝑅𝑖|) 𝑐

𝑘′
† 𝑐𝑘

𝑘,𝑘′

 

=
1

Ω
∑ 𝑒𝑖𝑞∙𝑅𝑖𝑉𝑖(𝑞)𝑐𝑘

†𝑐𝑘+𝑞

𝑘,𝑞

 

Here 𝑒𝑖𝑞∙𝑅𝑖𝑉𝑖(𝑞) = 𝑒𝑖𝑞∙𝑅𝑖 ∫ 𝑑𝑟 𝑒𝑖𝑞∙(𝑟−𝑅𝑖)𝑉𝑖(|𝑟 − 𝑅𝑖|) = 𝑒𝑖𝑞∙𝑅𝑖
𝑒2

2𝜀0𝜀

1

𝑞
(1 − 𝑒−𝑞𝑑) and Ω is the total area. We would like to 

rewrite this term in band basis to finish computation of scattering matrix 

𝐻𝑖 =
1

Ω
∑ 𝑒𝑖(𝑞+𝑄)∙𝑅𝑖𝑉𝑖(𝑞 + 𝑄)𝑐𝑘+𝐾

† 𝑐𝑘+𝑞+𝐾+𝑄

𝑘,𝑞,𝐾,𝑄

 

=
1

Ω
∑ 𝑒𝑖(𝑞+𝑄)∙𝑅𝑖𝑉𝑖(𝑞 + 𝑄) ∑ 𝑢𝑚

∗ (𝑘 + 𝐾)𝑐𝑘,𝑚
†

𝑚

∑ 𝑢𝑛(𝑘 + 𝑞 + 𝐾 + 𝑄)𝑐𝑘+𝑞,𝑛

𝑛𝑘,𝑞,𝐾,𝑄

 

=
1

Ω
∑ 𝑒𝑖(𝑞+𝑄)∙𝑅𝑖𝑉𝑖(𝑞 + 𝑄) ∑ 𝑢𝑚

∗ (𝑘 + 𝐾)𝑢𝑛(𝑘 + 𝑞 + 𝐾 + 𝑄)

𝑚,𝑛,𝐾

𝑐𝑘,𝑚
† 𝑐𝑘+𝑞,𝑛

𝑘,𝑞,𝑄

 

=
1

Ω
∑ 𝑒𝑖(𝑞+𝑄)∙𝑅𝑖𝑉𝑖(𝑞 + 𝑄) ∑ 𝜆𝑚,𝑛(𝑘, 𝑘 + 𝑞 + 𝑄)

𝑚,𝑛

𝑐𝑘,𝑚
† 𝑐𝑘+𝑞,𝑛

𝑘,𝑞,𝑄

 

Here we use unitary transformation 𝑐𝑘+𝐾
† = ∑ 𝑢𝑚

∗ (𝑘 + 𝐾)𝑐𝑘,𝑚
†

𝑚  and define the form factor 𝜆𝑚,𝑛(𝑘, 𝑘 + 𝑞 + 𝑄) =

∑ 𝑢𝑚
∗ (𝑘 + 𝐾)𝑢𝑛(𝑘 + 𝑞 + 𝐾 + 𝑄)𝐾 . Only considering flat band part and sum over all scattering center 𝑅𝑖, one can extract 

the scattering potential matrix 𝑉𝑘,𝑚;𝑘+𝑞,𝑛 

𝑉𝑘,𝑚;𝑘+𝑞,𝑛 =
1

Ω
∑ 𝑒𝑖(𝑞+𝑄)∙𝑅𝑖𝑉𝑖(𝑞 + 𝑄)𝜆𝑚,𝑛(𝑘, 𝑘 + 𝑞 + 𝑄)

𝑅𝑖,𝑄

 

According to Lippmann-Schwinger formula and Born approximation, we keep the scattering matrix 𝑇 up to the second 

order of 𝑉 

𝑇 = 𝑉 + 𝑉
1

𝜖𝑘,𝑚 − 𝐻0 + 𝑖𝜇
𝑉 

For symmetric contribution of scattering rate, we have Fermi’s golden rule with leading order 𝑂(𝑉2) 

𝑤𝑘,𝑚,𝑘+𝑞,𝑛
(𝑆)

=
2𝜋

ℏ
|𝑉𝑘,𝑚;𝑘+𝑞,𝑛|

2
𝛿(𝜖𝑘,𝑚 − 𝜖𝑘+𝑞,𝑛) 

But this symmetric scattering will not contribute to skew scattering, one need to compute antisymmetric scattering rate 

𝑤𝑘,𝑚;𝑘+𝑞,𝑛
(𝐴)

 with leading order 𝑂(𝑉3) 

𝑤𝑘,𝑚;𝑘+𝑞,𝑛
(𝐴)

=
𝑖2𝜋2

ℏ
∑〈𝑉𝑘,𝑚;𝑘+𝑞,𝑛𝑉𝑘+𝑝,𝑙;𝑘,𝑚𝑉𝑘+𝑞,𝑛;𝑘+𝑝,𝑙 − 𝑐. 𝑐. 〉𝑑𝑖𝑠𝛿(𝜖𝑘,𝑚 − 𝜖𝑘+𝑝,𝑙)

𝑝,𝑙

𝛿(𝜖𝑘,𝑚 − 𝜖𝑘+𝑞,𝑛) 

= −
(2𝜋)2

ℏ
∑ 𝐼𝑚(〈𝑉𝑘,𝑚;𝑘+𝑞,𝑛𝑉𝑘+𝑝,𝑙;𝑘,𝑚𝑉𝑘+𝑞,𝑛;𝑘+𝑝,𝑙〉𝑑𝑖𝑠)𝛿(𝜖𝑘,𝑚 − 𝜖𝑘+𝑝,𝑙)

𝑝,𝑙

𝛿(𝜖𝑘,𝑚 − 𝜖𝑘+𝑞,𝑛) 



= −
(2𝜋)2

ℏ
∑

𝐼𝑚(〈𝑉𝑘,𝑚;𝑘+𝑞,𝑛𝑉𝑘+𝑝,𝑙;𝑘,𝑚𝑉𝑘+𝑞,𝑛;𝑘+𝑝,𝑙〉𝑑𝑖𝑠)

2 △
𝑝,𝑙∈(𝜖𝑘,𝑚±△)

𝛿(𝜖𝑘,𝑚 − 𝜖𝑘+𝑞,𝑛) 

Here 〈 〉𝑑𝑖𝑠 is the distribution average for scattering center, △ is small and the summation only for states which within the 

energy region 𝜖𝑘,𝑚 ±△ and we have used the equation below to derive the formula above 

lim
𝜇→0

𝐼𝑚 (
1

𝜖 − 𝐻0 + 𝑖𝜇
) = lim

𝜇→0
𝑃 ∫

𝛿(𝜖 − 𝜖′)

𝜖′ − 𝐻0 + 𝑖𝜇
𝑑𝜖′

∞

−∞

= 𝑖𝜋𝛿(𝜖 − 𝐻0) 

We assume different scattering centers are random distribution and keep the leading order of impurity density 
𝑁𝑖

Ω
 then the 

contribution is direct production keeping momentum conservation. Ignore side jump, and finally we can put this 𝑤𝑘,𝑚;𝑘+𝑞,𝑛
(𝐴)

 

in the skew scattering conductance coming from Boltzmann equation 

𝜕𝑡𝑓𝑙 + 𝑞𝐸𝛼𝑒𝑖𝑤𝑡𝜕𝛼𝑓𝑙 = − ∑(𝑤𝑙′𝑙𝑓𝑙 − 𝑤𝑙𝑙′𝑓𝑙′)

𝑙′

 

Here 𝑙  is the label for state with momentum 𝑘  and band 𝑚 . We expand 𝑤𝑙𝑙′  and 𝑓𝑙  up to leading order by seeing 

antisymmetric scattering rate 𝑤𝑘,𝑚;𝑘+𝑞,𝑛
(𝐴)

 and electric field 𝑬 = 𝐸𝛼𝑒𝑖𝑤𝑡 as perturbation 

𝑤𝑙𝑙′ = 𝑤
𝑙𝑙′
(𝑆)

+ 𝑤
𝑙𝑙′
(𝐴)

 

𝑓𝑙 = 𝑓𝑙
(0,0)

+ 𝑓𝑙
(1,0)

+ 𝑓𝑙
(1,1)

+ 𝑓𝑙
(2,0)

+ 𝑓𝑙
(2,1)

 

Here 𝑓𝑙
(𝑛1,𝑛2)

 means distribution function of order 𝐸𝑛1 and (𝑤(𝐴))
𝑛2

 and 𝑓𝑙
(0,0)

=
1

𝑒𝛽(𝜖−𝜇)+1
 is fermi distribution. By noticing 

∑ 𝑤
𝑙𝑙′
(𝐴)

𝑙′ = 0, We have recursive relation 

𝜕𝑡𝑓𝑙
(1,0)

+ 𝑞𝐸𝛼𝑒𝑖𝑤𝑡𝜕𝛼𝑓𝑙
(0,0)

= − ∑ 𝑤
𝑙′𝑙

(𝑆)
(𝑓𝑙

(1,0)
− 𝑓

𝑙′
(1,0)

)

𝑙′

 

𝜕𝑡𝑓𝑙
(1,1)

= − ∑ 𝑤
𝑙′𝑙

(𝑆)
(𝑓𝑙

(1,1)
− 𝑓

𝑙′
(1,1)

)

𝑙′

+ ∑ 𝑤
𝑙𝑙′
(𝐴)

𝑓
𝑙′
(1,0)

𝑙′

 

𝜕𝑡𝑓𝑙
(2,0)

+ 𝑞𝐸𝛼𝑒𝑖𝑤𝑡𝜕𝛼𝑓𝑙
(1,0)

= − ∑ 𝑤
𝑙′𝑙

(𝑆)
(𝑓𝑙

(2,0)
− 𝑓

𝑙′
(2,0)

)

𝑙′

 

𝜕𝑡𝑓𝑙
(2,1)

+ 𝑞𝐸𝛼𝑒𝑖𝑤𝑡𝜕𝛼𝑓𝑙
(1,1)

= − ∑ 𝑤
𝑙′𝑙

(𝑆)
(𝑓𝑙

(2,1)
− 𝑓

𝑙′
(2,1)

)

𝑙′

+ ∑ 𝑤
𝑙𝑙′
(𝐴)

𝑓
𝑙′
(2,0)

𝑙′

 

Take relaxation time approximation 

∑ 𝑤
𝑙′𝑙

(𝑆)
(𝑓𝑙

(𝑛1,𝑛2)
− 𝑓

𝑙′
(𝑛1,𝑛2)

)

𝑙′

=
𝑓𝑙

(𝑛1,𝑛2)

𝜏(𝑛1,𝑛2)
 

We can solve recursive equations self-consistently 

𝑓𝑙
(1,0)

=
−𝑞𝜏(1,0)

1 + 𝑖𝑤𝜏(1,0)
𝐸𝛼𝑒𝑖𝑤𝑡𝜕𝛼𝑓𝑙

(0,0)
 

𝑓𝑙
(1,1)

=
𝜏(1,1)

1 + 𝑖𝑤𝜏(1,1)
∑ 𝑤

𝑙𝑙′
(𝐴)

𝑓
𝑙′
(1,0)

𝑙′

 

𝑓𝑙
(2,0)

=
−𝑞𝜏(2,0)

1 + 𝑖2𝑤𝜏(2,0)
𝐸𝛼𝑒𝑖𝑤𝑡𝜕𝛼𝑓𝑙

(1,0)
 

𝑓𝑙
(2,1)

=
𝜏(2,1)

1 + 𝑖2𝑤𝜏(2,1)
∑ 𝑤

𝑙𝑙′
(𝐴)

𝑓
𝑙′
(2,0)

𝑙′

+
−𝑞𝜏(2,1)

1 + 𝑖2𝑤𝜏(2,1)
𝐸𝛼𝑒𝑖𝑤𝑡𝜕𝛼𝑓𝑙

(1,1)
 



According to the definition of current operator and velocity operator 

𝑗𝛼 = 𝑞 ∫ 𝑣𝛼𝑓 = 𝜎𝛼𝛽𝐸𝛽 + 𝜒𝛼𝛽𝛾𝐸𝛽𝐸𝛾 

𝑣𝛼 = 𝜕𝛼𝜖 − 𝑞(𝑬 × 𝜴)𝛼 

The dominant contribution from skew scattering is 

𝜎𝛼𝛽
(𝑠𝑘𝑒𝑤)

=
𝑞𝜏(1,1)

1 + 𝑖𝑤𝜏(1,1)

−𝑞𝜏(1,0)

1 + 𝑖𝑤𝜏(1,0)
∑ ∫ 𝑑2𝑘 

𝜕𝜖𝑙

𝜕𝑘𝛼
 ∑ 𝑤

𝑙𝑙′
(𝐴)

𝜕𝛽
′ 𝑓

𝑙′
(0,0)

𝑙′𝑙𝑚

 

𝜒𝛼𝛽𝛾
(𝑠𝑘𝑒𝑤,1)

=
𝑞𝜏(2,1)

1 + 𝑖2𝑤𝜏(2,1)

−𝑞𝜏(2,0)

1 + 𝑖𝑤𝜏(2,0)

−𝑞𝜏(1,0)

1 + 𝑖𝑤𝜏(1,0)
∑ ∫ 𝑑2𝑘 

𝜕𝜖𝑙

𝜕𝑘𝛼
 ∑ 𝑤

𝑙𝑙′
(𝐴)

𝜕𝛽
′ 𝜕𝛾

′ 𝑓
𝑙′
(0,0)

𝑙′𝑙𝑚

 

𝜒𝛼𝛽𝛾
(𝑠𝑘𝑒𝑤,2)

=
−𝑞2𝜏(2,1)

1 + 𝑖2𝑤𝜏(2,1)

𝜏(1,1)

1 + 𝑖𝑤𝜏(1,1)

−𝑞𝜏(1,0)

1 + 𝑖𝑤𝜏(1,0)
∑ ∫ 𝑑2𝑘 

𝜕𝜖𝑙

𝜕𝑘𝛼
𝜕𝛽  ∑ 𝑤

𝑙𝑙′
(𝐴)

𝜕𝛾
′ 𝑓

𝑙′
(0,0)

𝑙′𝑙𝑚

 

Here 𝑙𝑚 means the summation to band label in 𝑙. If we assume 𝑤 → 0 and 𝜏(𝑛1,𝑛2) → 𝜏, we have 

𝜎𝛼𝛽
(𝑠𝑘𝑒𝑤)

=
(𝜋𝑞𝜏)2

ℏ
∑ ∫ 𝑑2𝑘 

𝜕𝜖𝑚(𝑘)

𝜕𝑘𝛼
 ∑

𝐼𝑚(𝑉𝑘,𝑚;𝑘+𝑞,𝑛𝑉𝑘+𝑝,𝑙;𝑘,𝑚𝑉𝑘+𝑞,𝑛;𝑘+𝑝,𝑙)

△2
𝜕𝛽

′ 𝑓𝑛
(0,0)

(𝑘 + 𝑞)

𝑝,𝑙;𝑞,𝑛∈(𝜖𝑘,𝑚±△)𝑚

 

𝜒𝛼𝛽𝛾
(𝑠𝑘𝑒𝑤,1)

= −
𝜋2(𝑞𝜏)3

ℏ
∑ ∫ 𝑑2𝑘 

𝜕𝜖𝑚(𝑘)

𝜕𝑘𝛼
 ∑

𝐼𝑚(𝑉𝑘,𝑚;𝑘+𝑞,𝑛𝑉𝑘+𝑝,𝑙;𝑘,𝑚𝑉𝑘+𝑞,𝑛;𝑘+𝑝,𝑙)

△2
𝜕𝛽

′ 𝜕𝛾
′ 𝑓𝑛

(0,0)(𝑘 + 𝑞)

𝑝,𝑙;𝑞,𝑛∈(𝜖𝑘,𝑚±△)𝑚

 

𝜒𝛼𝛽𝛾
(𝑠𝑘𝑒𝑤,2)

= −
𝜋2(𝑞𝜏)3

ℏ
∑ ∫ 𝑑2𝑘 

𝜕𝜖𝑚(𝑘)

𝜕𝑘𝛼
𝜕𝛽  ∑

𝐼𝑚(𝑉𝑘,𝑚;𝑘+𝑞,𝑛𝑉𝑘+𝑝,𝑙;𝑘,𝑚𝑉𝑘+𝑞,𝑛;𝑘+𝑝,𝑙)

△2
𝜕𝛾

′ 𝑓𝑛
(0,0)(𝑘 + 𝑞)

𝑝,𝑙;𝑞,𝑛∈(𝜖𝑘,𝑚±△)𝑚

 

Here 𝜕𝛽
′  means the partial derivative at band 𝑛 and momentum 𝑘 + 𝑞. These expressions are the form easy to compute 

numerically. One can notice only bands near fermi surface will contribute according to 𝜕𝛽
′ 𝑓𝑛

(0,0)(𝑘 + 𝑞). We take 𝑚 as flat 

bands in TBG. By setting an energy window △, for a given 𝑘 we compute 
𝜕𝜖𝑚(𝑘)

𝜕𝑘𝛼
 and collect all states within the energy 

window. By iterating collected states, we can compute the rest part in the integral. 

 

 

 

 

 


