Exact solution of 2D Ising model on square and honeycomb lattice
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Introduction with 2D square lattice

We would like to solve a 2D Ising model in square lattice first. The Hamiltonian of this model
is, (Assuming J;,/, > 0)

m
H = —Zzg1gfjaiz+1,j +J20{0{j41)

=1 j=1
Since we would like to see thermodynamical property like temperature of phase transition of
this model. We need to find out the expression of partition function, which is,

{o%}
By rewriting K; = 8];, we have
m
Z — eZ?:l(Kla.lfjo-iz+1,j+K20-iz,jo-iz,j+1)
{o%} i=1
The reason we write partition function in this way is we want to separate index m out as a
contracted index of matrixes and reduce this dimension by transfer matrix method,
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(For convenient, we use periodical boundary condition in this direction. As for other boundary
condition, the result should be similar as we get below)
Here (1|A;,|2) means elements of matrix A;, canbe determined by 2™ x 2™ combinations

of variables oy'; and o3 ;.

If we define 2™ X 2™ matrixes V;, V, as below,
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We can rewrite partition function in a simple way,



Z =Tr[(,V)™]
Now this problem become much easier to solve. Just notice that, the trace of one matrix does
not change after we diagonalize this matrix. What we need to do for next step is diagonalize

matrix V;V,,and Z = Zizzl A*.(Here A; is the eigenvalue of V;V, labeled by i)

Diagonalization

Before we diagonalize the product of those 2 matrixes, we would like to study those matrixes
one by one. Since the matrix which can diagonalize e4 is just the matrix that diagonalize A,
we will focus on exponential part of each V; matrix.

Here we use a small trick,
eKcrfcf’? — [ e_K B_K] — [AC?Sh(K:) ASinh(K:) — AeK*cr}‘
e K ek Asinh(K*) Acosh(K™)
To make this equation correct, there are two relations needs to be satisfied,
tanh(K*) = e™2K

ek e X 2 :
A= osh (K~ sinh (K /sinh 2K — v 2sinh (2K)

We see the exponential part of V; matrixes as Hamiltonians, by using the trick we introduced
above, those 2 Hamiltonian are,
H1 = Z Kl* O-jx

j=1
n
j— Z _ Z
H, = E K,0i 04
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Remember we should try our best to diagonalize them in the same basis. We will use Jordan
Wigner transformation, Fourier transformation and Bogoliubov transformation to do this job.

According to routine of Jordan Wigner transformation, we define,
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This definition will make,
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Besides, in basis diagonalize o,
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7l -1
z_ [0 1) ¢- 4 o+
ot =] o=5+s
It is easy to prove by using matrix form,
S"ax=[(1) 8]=—0"S"
S+O.x — [8 _01 — _o.x5+

1 0
0 1

§7ST=8*S*t=0
This means that, now we have two groups of field operator {o*},{S~,S*}. For group {o*},
they are totally bosonic. For group {S7,S*}, they are locally fermionic and bosonic for
different sites. By noticing operators between those groups have local fermionic relationship,
we can rebuild a group containing pure fermionic operators.

T _ x ¢+
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S™S* 4+ 55" = [

It is easy to verify {cT,c} is a group of fermionic operators by verify anticommutation
relationship.

Of course, we can also describe {S7,S*} by {c%,c} and {o*},

Si+ = H le Cljl-
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Now we can rewrite our bosonic Hamiltonians by pure fermionic operators.
n
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j
For Hamiltonian 1, it is already diagonalized. But for 2, it is not the case.

n
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So, we need do Fourier transformation to all of them. The transformation relationship can be
written below,

¢ =—) e™ic
Vn
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After Fourier transformation, those Hamiltonians are,

H, = Z ZKf(c,chk + cfkc_k -1
k|

H, = Z[ZKZ(COS (k)(c;(rck + cikc_k) + isin(k)(c;rcik - c_kck))]
Ikl

We notice that for those Hamiltonians, if we combine k and —k terms together, they will all
be partially diagonalized according to |k|. We would write partially diagonalized parts of those
Hamiltonians in 2 X 2 matrixes with single particle basis below,
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Now, H(|k|); in matrix form are,

H(kD, =2k [; )]

HAIkD, = 20| Ten o b+ cos 6

And V(lkl)l = eH(lle’V(IkDZ — eH(|k|)2,
2K}
V(Ik]), = [6’01 0

o—2Ki
cosh(2K,) + sinh (2K,)cos (k) i » sinh (2K;)sin (k)
—i + sinh (2K;)sin (k) cosh(2K,) — sinh (2K,)cos (k)
Then we will diagonalize V(|k|),V(|k])-.
(A—E)(C—-E)=B
: (A+C)+/(A+C)? —4(AC - B)
2

V(|k|)2 — eZchos (k) [

Here,
A = e?1(cosh(2K,) + sinh(2K,) cos(k))
B = (sinh(2K,) sin(k))?
C = e~2Ki(cosh(2K,) — sinh (2K;)cos (k))
We notice that,
AC—-B =1
A+ C = 2 cosh(2K;) cosh(2K;) + 2 sinh(2K;) sinh(2K;) cos(k) = 2
So, there are two positive eigenvalues, we assume they are E; = e®t, E, = e®2. The reason we
do that is now we diagonalized this matrix in single particle basis. And now we want to get the
eigenvalues in many-particle basis. Remember for a certain one-particle Hamiltonian operator,



many-particle eigenvalues are just different pluses between single particle eigenvalues. Now
the one-particle Hamiltonian operator is in exponential part, so eigenvalues in many-particle
basis should be products between different single particle eigenvalues.

By noticing E; * E, = 1, we have 4 eigenvalues of V(|k|);V(|k|), in many-particle basis,

El— — eZKz cos(k)e—sk
EO — eZKz cos(k)
E2 — eZKz cos(k)

E1+ — eZKz cos(k)eek

Ei+E, A+C

Here, cosh(e,) = =, = cosh(2K7) cosh(2K,) + sinh(2K7) sinh(2K;) cos(k)

E,_, Ey, E;, E; represent eigenvalues of 1, 0, 2, 1 particle respectively.
Now, finally we can express the partition function we write from very beginning explicitly.
Z =Tr((V)™)
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n—->00 m—-00

If we write down free energy per-site, we have

In(z
F = —jr &)
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1 ) 1 ("
= —kT[Eln(Z sinh(2K;)) + ﬂfo edk]
By using identical condition,
1 T
& = EJ In (2 cosh(eg) + 2cos (w))dw
0

The expression of F by using K;, K, is,
F = —kT{In (2)

1 Vs s
+ ﬁj j In [cosh(2K;) cosh(2K;) + sinh(2K,) cos(k) + sinh(2K;) cos(w)] dkdw}
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Now we would like to solve an 2D Ising model in honeycomb lattice shown in P.1, whose
Hamiltonian is, (Assuming /4, /5, /3 > 0)
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The main method is similar with the one above. Partition function is,
7= Z e BH
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By rewriting K; = BJ;, we have
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Here (1]|A;,|2) means elements of matrix A;, can be determined by 22" x 22"

combinations of variables o7’; and o3 ;.

If we define 22" x 22" matrixes Vi, V,, V5 and V, as below,
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We can rewrite partition function in a simple way,

Z = Tr[(V1V,V5V,)™]
What we need to do for next step is diagonalize matrix V,V,V5V,, and Z = 212:11 A .(Here A;
is the eigenvalue of V;V,V5V, labeled by i)

We see the exponential part of V; matrixes as Hamiltonians, by using the trick we introduced
above again, those 4 Hamiltonian are,



n
H, = Z(Kl*azxj + K;05-1)
=1

n
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And those Hamiltonians just describe models shown in P.2 below.
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Here blue points and lines show interactions. Now we rewrite our bosonic Hamiltonians by
pure fermionic operators.
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j=1
For Hamiltonian 1 and 3, they are already diagonalized. But for 2 and 4, they are partly
diagonalized and not diagonalized at the same basis. (For example, H, is partly diagonalized
at 1,2 sites but H, is partly diagonalized at 2,3 sites. They have an overlap index 2 which



makes them do not commute with each other)

So, we need do Fourier transformation to all of them. The transformation relationship can be
written below,

1 )
— ikx;
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k
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k
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After Fourier transformation, those Hamiltonians are,

Hy = )" |2K; (el acin =) + 2K3 (chacin = 5)|
k

H, = Z[K3(C;,ACR,B + C,Jcr,Bck,A + C;Acfk’B + c_k,Bck,A)]
k

xr T 1 xr T 1
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k
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Again, write partially diagonalized parts of those Hamiltonians in 4 X 4 matrixes with single
particle basis below,

Ck,A
Ck,B
[CZ’A c);B C-ka  C-kB|H(Ik]); Cik,A
Cik,B
Now, H(|k|); in matrix form are,
2K; 0 0 0
o 2k 0 0
HAkD =1 "5 o —2K; 0
0 0 0 —2K;
0 1 0 1
HOkD, =Ka [ O o 20

0 -1 0 -1
1 0 -1 0



2K; 0 00
0 0

o 2k
HUkDs =1 "y —2K; 0
00 0 —2K;
0 e—lk 0 _e—lk
_ eik 0 eik 0
H(|k|)4 - K3 0 e_ik 0 _e—ik
—etk 0 —etk 0

We would like to derive the modulus of eigenvalues which is larger than 1 (we call e’x) for
matrix efUkD1gH kD2 oH(kDs oHUKDa 1p this way, the product of those eigenvalues eIkl Tk

can give the largest modulus A,,,,. Remember A,,,, should be real and positive, then
ekl M = gRe[Xjk Mkl

Actually, it is not straightforward to solve eigenvalues of ef(kD1gHUkDz2oH(kDsgH(IKDs
Fortunately, we do not have to solve all of them in our final result, by noticing the eigenvalues
of eHUkD1gH(lkDzoH(IkDs oH(IKDs haye a character below,

E,XE} =1

E;XE;=1

E,XE,XE3XE, =1

So, we can rewrite 4 eigenvalues E;, E,, E5, E, as e'k1, e k1 eMkz e k2, Then partition

function is,
Z = Tr[(V1V,V3V,)™]

— 3 m
= lim A},
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lim ((2sinh(2K,))"(2 sinh(2K,))eRelZim (meatme2))™

n 2w m
= lim lim ((4sinh(2K1) sinh(ZKz))”eRe[Efﬂ (7”"1+""'2)dk])

n—o00 m—oo

Free energy per-site is,

In(Z
F = i 2&
4dmn
1 1 2T
= —kT (Z In(4 sinh(2K,) sinh(2K,)) + T2 (le,l + M2 +Mks + n,t,z)dk>
0

= —kT{% In(sinh(2K;) sinh(2K,)) + %ln 2

1 21 2T 4
dk f In ﬂ(e"k.i + e ki — 2 cos(w)) | dw}
6472 j;, 0 i

Now we write down eigenequation of ef(kD1gHUkD2H(UKDs oHUKDa explicitly,
E*+ (A, +iADE® +B.E*+ (A, —iADE+1=0

+

Here,
A, = —4 cosh(2K;) cosh(2K;) cosh(2K3) — 2 sinh(2K;) sinh(2K;) (1 + cosh? 2K5)



—(sinh?(2K;) + sinh?(2K;)) sinh?(2K3) cos(k)
A; = (sinh?(2K;) — sinh?(2K;)) sinh?(2K3) sin(k)
B, = 2 cosh?(2K3)
+2(cosh?(2K;) cosh?(2K;) + sinh?(2K;) sinh?(2K;))(1 + cosh?(2K3))
+8 sinh(2K;) sinh(2K;) cosh(2K;) cosh(2K3) cosh(2K3)
—4 sinh(2K;) sinh(2K;) sinh? (2K3) cos(k)
We make it a reciprocal 8th degree equation, whose roots are Ej, i ,Eo, i*, i, E7, L JES
E; E; Ey E,
E8 + 2AE7 + (2B, + A2 + A?)E® + 2A,.(1 + BL)E® + (2 + 2A% — 2A? + B)E* + 2A,(1
+B)E3 + (2B, + A2 + AD)E2+2AE+1=0
Consider a general reciprocal 8th degree equation,

x8+ax’ +bxb+cexd+dxt+cexP+bx?+ax+1=0
By replacing x + % =y, we have,

y*+ay}+(b—-4)y*+(c—3a)y+d—2b+2=0
We would like to get a result (y; — m)(y, — m)(y3; — m)(y, —m). (Here, y;,¥,,V3, Vs are
4 roots of this equation). By using Vieta theorem for 4th degree equation,
Yi+y2+yst+y,=—a
YV1Y2 + Y1Y3 + Y1Va + Y23 + VaVa + y3ya = b — 4
Y1Y2Y3 + Y1VaVa + Y1Y3Va + Y2¥3¥s = 3a —c¢

Y1Y2Y3Ya =d —2b + 2
Then X = (y; — m)(y, — m)(y; — m)(y, — m) can be expressed,

X=d-2b+2—-m@Ba-c)+m?b—4)+m3a+m*

Replace a,b,c,d,m by A, A;, B, cos (w)

X =B? — 4B, — 4A% + 4

—2cos(w) (44, — 2A,B,)

+4 cos?(w) (A2 + A? + 2B, — 4)

+8 cos3(w) 24,

+16 cos*(w)
Free energy per-site as a function of X(w, k) is,

F= —kT{% In (2)

+

21 2
f ko In[(sinh(2K;) sinh(2K,))* - X(w, k)] dw}
64n? J, 0
Factorize X(w, k) to X;,X,. By knowing,
X; — X, = 4(sinh?(2K;) — sinh?(2K;)) sinh?(2K3) sin(k) sin(w)
X; + X, = 8(cosh(2K;) cosh(2K;) cosh(2K3) + sinh(2K;) sinh(2K;) — cos(w))?
—8(cos(w) + cos(k))(sinh(2K7) sinh(2K;) sinh(2K3))
—4 cos(k) cos(w) (sinh?(2K;) + sinh?(2K;)) sinh?(2K3)
—4(sinh?(2K;) + sinh?(2K;)) sinh?(2K3)
2m

And according to symmetry of w, fozn In (X1)dw = fo In (X,)dw, so we can rewrite free

energy per-site,



F= —kT{% In (2)

1

+ 6412

fzn dk fznln[(sinh(ZKl) sinh(2K,))* - X2] dw}
0 0

1
= —kT(5In (2)

1 2T 21
Zf dkf In[(sinh(2K;) sinh(2K;))? - X;] dw}
32m= J, 0

+

Explicitly, factorize (sinh(2K;)sinh(2K,))? X, again,
4 (cosh(ZKl) cosh(2K,) cosh(2K3) + 1 — cos(w) sinh(2K;) sinh(2K,)

w
+ sinh(2K;) sinh(2K3) cos ( 5
- (cosh(2K;) cosh(2K;) cosh(2K3) + 1 — cos(w) sinh(2K;) sinh(2K5)

) + sinh(2K;) sinh(2K3) cos (W ; k>>

k
. )

w w +
— sinh(2K;) sinh(2K3) cos ( ) — sinh (2K;)sinh (2K3)cos ( >

_ -k w+k . . . .
By replacing WT,% with wy, w,, notice those two terms are equal again according to

symmetry of wy, w,
3
F = —kT{Zln (2)

1

+ 16m2

2w 2T
j j In[(cosh(2K;) cosh(2K;) cosh(2K3) + 1
o Jo

— cos(w; + wy) sinh(2K;) sinh(2K,) — sinh(2Kj;) sinh(2K3) cos(w;)
— sinh(2K;,) sinh(2K3) cos(w,))] dw,dw,}
It has a very similar form with the case in 2D square lattice.

Discussion

Finally, as an end of this paper, we make the term in In () of free energy per-site zero, give
phase transition conditions for those two models.

cosh(2K;) cosh(2K,) — sinh(2K;) — sinh(2K,) = 0

(2 (2]

— sinh (k_TC) sinh (k_TC) =1

And
cosh(2K;) cosh(2K,) cosh(2K3) + 1 — sinh(2K,) sinh(2K,) — sinh(2K;) sinh(2K3)
— sinh(2K,) sinh(2K3) = 0

. 2/1\ | (2]2) . (2]3)_ . (2]1) . (2]2) : 2J3
—>smh(kTC) sinh kT, sinh kT, = sinh kT, + sinh kT, + sinh (kTC
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