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Electromagnetic response has become the most powerful way for detecting, controlling
and displaying in all kinds of electronics. The well developed band theory plays an
essential role in understanding and designing semiconductor devices. However, with
the discovery of fractional quantized Hall conductance and high-temperature supercon-
ductor, band theory based on mean field approximation with perturbation has been
challenged because of poor prediction in those systems. The reason why mean field
breaks down is generally attributed to the existence of flat bands, where the interaction
cannot be seen as perturbation compared with the marginal kinetic energy of flat band
particles. This new field beyond mean field called strong correlation requires researchers
spare no effort to derive a reasonable numerical result or analytical explanation.

At the same time with the discover of two dimensional materials represented by
graphene, study based on two dimensional materials becomes popular because of the
simplicity compared with three dimensions and also the band topology rising from quan-
tized Hall conductance. And very recently, the discovery of a new method tuning band
flatness of two dimensional materials represented by twisted bilayer graphene calls re-
searcher from strong correlation field into this party.

In this thesis entitled electromagnetic response in two dimensional flat band systems,
I will introduce my study within three typical two dimensional flat band systems, i.e.,
twisted bilayer graphene, twisted transition metal dichalcogenides and Landau level
with moiré potential as Chapter 3, Chapter 4 and Chapter 5 respectively. Flat band
limit is usually taken in analytical derivation, and determinant quantum Monte Carlo
introduced in Chapter 2 together with some developments by me is the main numerical
methodology in my study. Order and degeneracy of ground state, single-particle and
two-particle Green’s function and excitation spectra, finite temperature phase and phase
transition, linear and nonlinear conductance are main results of this thesis for involved
topics.

Finally, I would like to say this field of two dimensional strong correlation materials
is still full of vigour and vitality with striking experiment or theory emerging from time to



time. Some uncovered topics of my study may be mentioned at the end of corresponding
chapters and left for the future research.
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QMC Quantum Monte Carlo
RG Renormalization Group
RHS Right-Hand Side
SAC Stochastic Analytic Continuation
SC SuperConductivity
SCBF Super-Compressible Bosonic Fluid
SP Spin Polarization
TBG Twisted Bilayer Graphene
TMI Topological Mott Insulator
TTMD Twisted Transition Metal Dichalcogenides
VP Valley Polarization
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Chapter 1

Introduction

1.1 Why flat band and why two dimension

After the Third Industry Revolution1, electromagnetic response becomes one of leading
power for changing the world. With the development of quantum mechanics, physicists
realize it is the electrons dominant the electromagnetic response in materials. However,
tracking 1023 electrons in a material can never be a possible work and some approxima-
tions have to be involved.

A single electron within a single atomic potential (e.g., hydrogen atom problem) is
always easy to solve and we call those solutions atomic orbitals. Now imagine there are
many atoms which are well separated with each other. Even though the high energy
atomic orbitals from different atoms may have overlap, as long as it is the low energy
situation one cares, the low energy orbitals can be seen as almost orthogonal. Taking
all of those low energy orbitals into consideration, we have a basis (not complete since
we ignore high energy orbitals) for describing many electrons within a gas-like material.
Actually in this case, one may notice the dynamics of electrons is actually trivial since
they almost stay in the bond state of the atoms they belong to and it is the dynamics
of those atoms which really dominants the property of this gas-like material.

Now we enlarge the density of atoms which makes electrons low energy orbitals
overlap. Atoms will bond with each other to form a solid with a crystal structure. The
dynamics of atoms is almost killed (except for low energy vibration which gives the
phonon modes and can play importance role in superconductor pairing) and the center
of each atomic orbital is set down. Since low energy atomic orbitals cannot be seen
as orthogonal, we need Schmidt orthogonalization to reorganize the basis (sometimes
those low energy atomic orbitals are not good enough since we are away from atomic
limit and some other orbitals, like plane waves, should also be involved in this orthog-
onalization process). We allocate those orbitals to each unit cell to keep the discrete

1The Third Industrial Revolution (from Wikipedia) is a historical period that began in the mid-20th
century to the early 21st century. It is characterized by a rapid shift from traditional industries, as
established during the Industrial Revolution, to an economy centered on information technology. The
onset has been linked to the development of the transistor in 1947 and the optical amplifier in 1957.
These technological advances have had a significant impact on the way information is processed and
transmitted.
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translation symmetry and then one can write down the Hamiltonian Ĥ = Ĥ0 + ĤI in
Fock space by computing the overlap of ⟨i|Ĥ0|j⟩ and ⟨ij|ĤI |kl⟩, where Ĥ0, ĤI are two-
fermion and four-fermion operators and |i⟩ labels ith orthogonal orbital. If we assume
⟨ij|ĤI |kl⟩ ≪ ⟨i|Ĥ0|j⟩, we can always write down the zero-order perturbation Hamilto-
nian in momentum space due to the discrete translation symmetry.

H0 =
∑
k,i,j

hk;i,jc
†
k,ick,j (1.1)

At each momentum k, this Hamiltonian whose dimension is equal to amount of orthog-
onal orbitals in each unit cell (let’s call it Ni) can be diagonalized separately. When we
consider large-size limit (thermodynamic limit), the k mesh will become so dense that
one derives the Ni-band solution for this Hamiltonian.

But how good is this H ≈ H0 approximation? Let’s check the self-consistent prop-
erty case by case below. One can put the chemical potential between two band (charge
excitation has a gap) or within a band (charge excitation is gapless) to identify an insu-
lator or a metal (still assume ⟨ij|ĤI |kl⟩ ≪ ⟨i|Ĥ0|j⟩ now). For a gapped system, usually
we are qualitatively safe since perturbation ⟨ij|ĤI |kl⟩

∆ ≪ 1 can be promised where ∆ is
the smallest many-body energy gap (for a gapped system it is just the band gap), i.e.,
an insulator is still an insulator with a modified gap. For chemical potential lying in the
center of a dispersive band, the many-body energy spectrum is gapless and Fermi surface
can be either breakdown (e.g., due to attractive interaction to form a superconductor
or due to nesting to form a charge density wave insulator) or survive in a Fermi liquid.
By considering all kinds of order parameters and computing the ground state, one can
also qualitatively determine the perturbative ground state from a mean field solution.
However, for the chemical potential lying in a flat band, ⟨ij|ĤI |kl⟩ is so large compared
with the band width that the assumption ⟨ij|ĤI |kl⟩ ≪ ⟨i|Ĥ0|j⟩ breaks down, together
with mean field theory. This mysterious, primitive and attractive field is called strong
correlation, and the flat band will just be one storyline of this thesis.

On the other hand, from the point view of renormalization group for O(N) symme-
try system with dimension larger than four, the mean field phase transition theory is
quantitatively correct while the mean field breaks down for dimension equal or less than
two due to the large fluctuation. Mermin-Wagner theorem states there is no long-range
order associated with breaking of continuous symmetries (e.g., O(2)) in dimension equal
or less than two while the critical XY phase with quasi-long-range order gives a vivid
example that this lower critical dimension two is far from trivial. Actually, two spa-
cial dimension (plus one imaginary time quantum dimension) becomes the most simple
and non-trivial island of studying all kinds of non-trivial phase and phase transition,
especially after the discovery of the first two dimensional materials, graphene. And just
several years later, the realization of tunable flat bands in two dimensional materials
(e.g., twisted bilayer graphene) even attracts more and more young and energetic re-
searchers (including me) in strong correlation field to study electromagnetic response in
those two dimensional flat band systems.
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1.2 Method: the pain and the gain

To consider four-fermion interaction, a naive way is to diagonalize the Hamiltonian
within many-body Hilbert space. However, the dimension of this space will grow ex-
ponentially with the system size ∝ 2Ni×Nk (each state on each k point can be either
occupied or empty for fermion). If we are considering the simplest strong correlation
case that one flat band is well separated with remote bands and the interaction is much
smaller than the band gap, as the band insulator case, one can assume the remote bands
give no contribution and ignore those degrees of freedom. Now directly we reduce the
complexity to ∝ 2Nk . However, one may notice this rude force cutoff will break the
completeness of the wave function so that the original fermions (anti-commute) now
become ill-defined (not anti-commute). But remember the real particle we study should
be fermion and it is the approximation we take breaks this rule so that we will re-
cover this constrain by directly require those pseudo-particles after cutoff are fermions
(anti-commute). This step is the pain we have to pay.

The gain is that no matter how many bands at the very beginning, we can always
reduce it to a single flat band (or few flat bands) problem. This means even though
we take redundant atomic orbitals in a unit cell or we use continuous model folded in a
Brillouin zone which has even infinite bands, the final effective model is always the same.
The definition of particle density and the current density coming from the commutation
relation of particle density and the Hamiltonian should also be modified after this pro-
jection. Since we require the particle after the cutoff should be the "effective" fermion,
the density operator should be based on it but not directly from the original real space
definition and the current operator should come from the commutation between this
"effective" particle density operator and the "effective" Hamiltonian after the cutoff to
promise the current conservation.

Now we have introduced all the implicit setting in studying of this thesis. I will
mainly use exact diagonalization, analytical solution and numerical determinant quan-
tum Monte Carlo method in the study, and the further approximation of each method
will be mentioned accordingly in the corresponding sections.

1.3 Two dimensional flat band systems

Different from the traditional way of tuning flat band with strong magnetic field forming
Landau level, utilize the moiré potential by tuning twist angle of stacked two dimensional
materials recently becomes a fancy and effective method to form flat band system.
After the introduction of the methodology and my contribution for the development in
Chapter 2, I will introduce two main moiré materials with flat bands, twisted bilayer
graphene and twisted transition metal dichalcogenides, as Chapter 3 and Chapter 4.
In the last Chapter 5, I will turn back to strong magnetic field Landau level case but
with moiré potential involved, and discuss the moiré materials under both electric and
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magnetic regulation. Some utilized textbook knowledge or technical details is reviewed
in appendixes as backup.

1.4 Summary of original results

To identify the contribution from the author, I summarize the original results in this
section.

In Chapter 2, I build the sign bounds theory for estimating the sign problem be-
havior in Quantum Monte Carlo near some exactly solvable limits [1, 2]. Besides, I
develop an integral algorithm which has the same complexity with traditional Quantum
Monte Carlo while it can simulate exponential observable (e.g., free energy, entropy, en-
tanglement entropy) stably [3]. Those tools expand the simulation ability of traditional
Quantum Monte Carlo and make it possible to simulate systems with polynomial sign
problem or identify the entanglement feature (e.g., integer or fractional quantum hall
states).

In Chapter 3, I explain the observed gate-switchable nonlinear Hall response in
twisted bilayer graphene may come from Berry curvature sliding on topological flat
bands [4]. With projecting Coulomb interaction on flat bands, I also develop momentum
space Quantum Monte Carlo method for simulating twisted bilayer graphene at charge
neutrality [5] and identify the inter-valley coherent ground state [6]. Departing from
charge neutrality point, I list the exactly solvable cases with ground state degeneracy
and polynomial sign problem at all kinds of integer fillings, and study finite temperature
topological phase transition at ν = ±1 [2].

In Chapter 4, I discuss K valley and Γ valley twisted transition metal dichalco-
genides with flat-band limit at charge neutrality. By assuming inter-valley attraction,
my collaborators and I find an exactly solvable SU(2) limit in flat-band twisted 2D
material such as K valley twisted transition metal dichalcogenides. Ground states, ex-
citation spectra and correlation functions are identified at SU(2) limit. Superconductor
and super-compressible bosonic fluid phase have been proposed and confirmed numeri-
cally near SU(2) limit [7].

In Chapter 5, I explain the observed integer magnetic flux quantum oscillation
numerically with the super-Moiré picture. This scheme can realize both fractional and
integer magnetic flux quantum oscillation as long as the super-Moiré potential is large
enough to hybridize different Landau levels. Projecting interaction on fractal magnetic
bands can be an interesting direction to study the strong correlation effect there in the
future.
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Chapter 2

Methodology

2.1 Linear response and semi-classical Boltzmann equa-
tion

In this section, I will introduce the linear response theory under electric field perturba-
tion [8–11], derive the Hall conductance formula for mean field system, give the defini-
tion of the Berry curvature and Chern number in 2D case accordingly and introduce the
widely used semi-classical formula for computing linear and nonlinear conductivity for
mean field Hamiltonian [12–14].

2.1.1 Linear response and Hall conductance

For a conductive material, when applying an electric field E, there will an induced
current J . According to Taylor expansion and noticing there should be no current at
zero electric field, one expects

⟨eJα(x, t)⟩ =
∑

β

σαβEβ(x, t) +
∑
β,γ

χαβγEβ(x, t)Eγ(x, t) + · · · , (2.1)

where eJ is the charge current density, α,β, γ label orthogonal directions and σ,χ are
linear and nonlinear (the second order) response coefficients called linear and nonlinear
conductance. By considering linear response at small electric field case, we will show σ

can be derived from correlation of current operators and the Hall conductance σxy at
single particle product ground state is determined by Berry curvature in two dimension.

First, we shall introduce our Hamiltonian in first-quantized form with periodic-
perturbed electric field, which is alternating current (AC) electric field perturbation (Or
we are taking velocity gauge by setting scalar potential zero. One can also equivalently
take length gauge by setting time independent vector field) and the direct current (DC)
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case can be derived by taking low frequency limit. The Hamiltonian is written below

H =
∑

i

1
2m

(
pi − e

c
A (xi, t)

)2
+
∑
i<j

Vij

=
∑

i

1
2mpi

2 +
∑
i<j

Vij −
∑

i

e

2mc (pi ·A (xi, t) +A (xi, t) · pi) +
∑

i

e2

2mc2A
2 (xi, t)

= H0 +H ′(t). (2.2)

Here pi,xi are momentum and position operators for particle i, A(xi, t) is the time-
position oscillation vector field inducing electric field and Vij is the two-particle inter-
action term. In the final line, one can see the Hamiltonian with electric field can be
written formally as the case without electric field H0 adding the time dependent pertur-
bation H ′(t). According to Schrödinger equation, when choosing gauge ∇ ·A = 0, one
can derive particle density and particle current density for a N-fermion wave function
Ψ(x1,x2, ...). (Explicitly, one applies Ψ∗(x1,x2, ...) on Schrödinger equation, minors its
Hermitian conjugate and integrates over N-fermion position space. Since Vij and A2

terms are canceled, this integral is decoupled between N fermions and each part con-
tributes the same in the summation over i. The total time derivative is for the particle
density and take one ∇ out from the other side of equation gives the surface integral of
current density.)

ρ(x) = N

∫
D[xi ̸=1]Ψ∗ (x,x2, . . .)Ψ (x,x2, . . .)

J(x, t) =
N

2m

∫
D[xi ̸=1]

[
Ψ∗ (x,x2, . . .)

(
p− e

c
A(x, t)

)
Ψ (x,x2, . . .) + c.c.

]
(2.3)

As coming from their definitions, particle density and particle current density satisfy
equation of continuation

−∂ρ(x, t)
∂t

= ∇ · N2m

∫
D[xi ̸=1]

[
Ψ∗ (x,x2, . . .)

(
p− e

c
A(x, t)

)
Ψ (x,x2, . . .) + c.c.

]
.

(2.4)
We define the current density operator below. The correctness can be proved by directly
comparing ⟨J⟩ and J(x, t).

J =
1

2m
∑

i

[(
pi − e

c
A (xi, t)

)
δ (x− xi) + δ (x− xi)

(
pi − e

c
A (xi, t)

)]
(2.5)

One can see interaction only influences wave function but not current density operator
from this picture. Now let’s transform it into lattice second-quantized picture, the
general Hamiltonian H0 in momentum space is

H0 =
∑

k

hkc
†
kck +

∑
q ̸=0

V (q)

2Ω

∑
k1

c†
k1
ck1+q

∑
k2

c†
k2
ck2−q

. (2.6)

Here V (q) is the Fourier transformation of the interaction and Ω is the volume of the
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whole system. After transforming charge density operator ρi ≡ c†
i ci into momentum

space ρq = 1√
N

∑
k c

†
k+qck, we can write down continuous equation in momentum space.

i
1√
N

∑
k

(
hk+q − hk

)
c†

k+qck = i [H0, ρq ] =
∂ρq

∂t
= iq · jq (2.7)

When q is small, we have Fourier transformed current density operator written as

jq ≈ 1√
N

∑
k

∂hk

∂kq
c†

k+ q
2
ck− q

2
(2.8)

We can see again, interaction between particles will not influence the form of current
density operator. Since we have not considered vector potential for now, we use j to
label this current density operator for distinguishing J labeling total current density
operator. According to our first-quantized result, the average of charge current density
operator is

⟨J(x, t)⟩ = N

mΩ

〈
p− e

c
A(x, t)

〉
= ⟨j(x, t)⟩ − n0e

mc
A(x, t). (2.9)

Review the Taylor expansion ⟨eJα(x, t)⟩ =
∑

β σαβEβ(x, t) + · · · and in velocity gauge
E(x, t) = −1

c
∂A(x,t)

∂t , we simply choose A(x, t) = Eei(q·x−wt) so that E(x, t) =
iw
c Ee

i(q·x−wt). After this gauge-choosing step, term n0e
mc A(x, t) in ⟨J(x, t)⟩ is just

n0e
mc Ee

i(q·x−wt). One only needs to compute ⟨j(x, t)⟩, compare the coefficients above
certain order of E to derive the conductance. We consider this computation below in
interaction picture.

⟨j(x, t)⟩ =
〈
ψ

∣∣∣∣T [ei
∫ t

−∞
H′(t1)dt1

]
j(x, t)T

[
e

−i
∫ t

−∞
H′(t1)dt1

]∣∣∣∣ψ〉 (2.10)

Here T [...] is the time order and |ψ⟩ is the state without perturbation H ′(t). After

expanding T
[
e

−i
∫ t

−∞
H′(t1)dt1

]
up to the leading order of H ′(t)

T

[
e

−i
∫ t

−∞
H′(t1)dt1

]
≈ 1 − i

∫ t

−∞
H ′ (t1) dt1 (2.11)

By noticing
∑

i
e2

2mc2A
2 (xi, t) = e2

2mc2
∫
dx

∑
i δ(x− xi) ·A2(x, t) = Ne2E2

2mc2 ei2(q·x−wt)

which commutes with any particle-conserved operator and the left part in H ′(t) is
just −

∑
i

e
2mc (pi ·A (xi, t) +A (xi, t) · pi) = − e

c

∫
dx j ·A(x, t) = − eE

c · jqe−iwt. Keep
terms up to linear order E in the result

⟨j(x, t)⟩ ≈ i
eE

c

∫ t

−∞
e−iwt′ 〈

ψ
∣∣[j(x, t), j

(
q, t′
)]∣∣ψ〉 dt′. (2.12)
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Compare these results with ⟨eJα(x, t)⟩ =
∑

β σαβEβ(x, t) + · · · , we derive linear con-
ductance

σαβ(q,w) =
e2

wΩ

∫ ∞

0
dteiwt

〈
ψ
∣∣[jα(−q, t), jβ(q, 0)

]∣∣ψ〉+ i
n0e2

mw
δα,β (2.13)

This is the famous Kubo formula applying to linear electric field response case. The
DC case can be derived by taking q → 0,w → 0 limit. In numerical practice, one can
see the computation of conductance is equivalent to the computation of time-dependent
correlation of current density operators.

As a quick example, we would like to compute ℜ(σαβ(q,w)) for a given single-
particle-product state |ψ⟩.

e2

wΩ

∫ ∞

0
dteiwt

〈
ψ
∣∣[jα(−q, t), jβ(q, 0)

]∣∣ψ〉
=

e2

wΩ

∫ ∞

0
dteiwt

∑
k1,k2

〈
m1

∣∣∣∣ ∂hk1

∂k1α

∣∣∣∣n1

〉〈
m2

∣∣∣∣∂hk2

∂k2β

∣∣∣∣n2

〉
·
[〈
c†

k1− q
2 ,m1

(t)ck1+
q
2 ,n1(t)c

†
k2+

q
2 ,m2

ck2− q
2 ,n2

〉
−

〈
c†

k2+
q
2 ,m2

ck2− q
2 ,n2c

†
k1− q

2 ,m1
(t)ck1+

q
2 ,n1(t)

〉]
=

e2

wΩ

∫ ∞

0
dteiwt

∑
k

〈
n2

∣∣∣∣∂hk

∂kα

∣∣∣∣n1

〉〈
n1

∣∣∣∣∂hk

∂kβ

∣∣∣∣n2

〉
·
[〈
c†

k− q
2 ,n2

(t)ck− q
2 ,n2

〉〈
ck+ q

2 ,n1(t)c
†
k+ q

2 ,n1

〉
−

〈
c†

k+ q
2 ,n1

ck+ q
2 ,n1(t)

〉〈
ck− q

2 ,n2c
†
k− q

2 ,n2
(t)
〉]

(2.14)

Here we chose c†
k2+

q
2 ,m2

as creating operator for m2 band with momentum k2 +
q
2 in

single-particle-product basis. In the last line, we use Wick’s theorem (see Appendix A
for detail) where only momentum conserving terms can give non-zero contribution. Now
we have not assumed the kinetic term h is diagonalized in this basis. Take q → 0 and
write

〈
ck+ q

2 ,n1(t)c
†
k+ q

2 ,n1

〉
with equal time Green’s function Gn1,n1(k) ≡

〈
ck,n1c

†
k,n1

〉
.

e2

wΩ

∫ ∞

0
dteiwt

∑
k

〈
n2

∣∣∣∣∂hk

∂kα

∣∣∣∣n1

〉〈
n1

∣∣∣∣∂hk

∂kβ

∣∣∣∣n2

〉
·
[
e−i(εk,n2+εk,n1)t (In2,n2 −Gn2,n2(k))Gn1,n1(k)

− ei(εk,n1+εk,n2)t (In1,n1 −Gn1,n1(k))Gn2,n2(k)
]

(2.15)

Here εk,n2 is the single particle excitation energy on band n2 with momentum k. Now we
can compute the integral

∫∞
0 dteiwte−i(εk,n2+εk,n1)t by multiplying a converging factor
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e−δt.

e2

wΩ
ℜ

{∑
k

〈
n2

∣∣∣∣∂hk

∂kα

∣∣∣∣n1

〉〈
n1

∣∣∣∣∂hk

∂kβ

∣∣∣∣n2

〉

·

[
1

δ− i
(
w−

(
εk,n2 + εk,n1

)) (I −Gn2,n2(k))Gn1,n1(k)

− 1
δ− i

(
w+

(
εk,n2 + εk,n1

)) (I −Gn1,n1(k))Gn2,n2(k)

]}
(2.16)

By taking δ → 0,w → 0 and according to L'Hôpital's rule we have

e2

Ω
ℜ

[∑
k

〈
n2

∣∣∣∣∂hk

∂kα

∣∣∣∣n1

〉〈
n1

∣∣∣∣∂hk

∂kβ

∣∣∣∣n2

〉
−i(

εk,n2 + εk,n1

)2 (Gn1,n1(k) −Gn2,n2(k))

]

=
e2

Ω
ℑ

[∑
k

(〈
n2

∣∣∣∣∂hk

∂kα

∣∣∣∣n1

〉〈
n1

∣∣∣∣∂hk

∂kβ

∣∣∣∣n2

〉
1(

εk,n2 + εk,n1

)2 (Gn1,n1(k) −Gn2,n2(k))

)]
(2.17)

Let’s check the effectiveness of this expression now. It is straightforward to see there is no
contribution from two occupied bands or two empty bands (Gn1,n1(k)−Gn2,n2(k) = 0),
or the case α = β (The whole expression is real so that there is no imaginary part).
Then only Hall conductance (α ̸= β) and the contribution from occupied and empty
bands can be non-zero.

e2

Ω
ℑ

 ∑
k,nO ,nE

(〈
nO

∣∣∣ ∂hk
∂kα

∣∣∣nE

〉〈
nE

∣∣∣∂hk
∂kβ

∣∣∣nO

〉
−
〈
nE

∣∣∣ ∂hk
∂kα

∣∣∣nO

〉〈
nO

∣∣∣∂hk
∂kβ

∣∣∣nE

〉)
(
εk,nO

+ εk,nE

)2
 (2.18)

Here nO means occupied bands and nE means empty bands. If the given single-particle-
product state |ψ⟩ is the eigenstate of hk so that the single particle excitation above it
can be computed as hk |n⟩ = εk,n |n⟩, the expression above can be reduced to the famous
form.

e2

Ω
ℑ

 ∑
k,nO ,nE

(
∂kα(⟨nO|) |nE⟩ ⟨nE | ∂kβ

(|nO⟩) − ∂kβ
(⟨nO|) |nE⟩ ⟨nE | ∂kα(|nO⟩)

)
= e2ℑ

[∑
nO

∫
dDk

(2π)D

(
∂kα(⟨nO|)∂kβ

(|nO⟩) − ∂kβ
(⟨nO|)∂kα(|nO⟩)

)]
(2.19)

By defining the Berry curvature Fn;α,β(k) ≡
(
∂kα(⟨n|)∂kβ

(|n⟩) − ∂kβ
(⟨n|)∂kα(|n⟩)

)
for

band n at momentum k, one can see the Hall conductance is equal to the integral of
Berry curvature from all occupied bands. When taking two dimension case (i.e., D = 2)
and bands nO are fully occupied with a gap to nE , one can see this surface integral
becomes a loop integral with integrand vector Aα = ⟨nO| ∂kα |nO⟩. According to residue
theorem, the loop integral along the momentum space boundary (or the first Brillouin
zone for lattice system) is determined by 2πi times the amount of singular poles encircled
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by the loop. Then Hall conductance in this case is equal to e2C
2π , where integer C is the

so-called total Chern number for the occupied bands. If we introduce the ignored h̄

back and recover the standard formula, the quantized conductance is e2
2π h̄ = e2

h .

Finite temperature Hall conductance is a more useful quantity which can be used to
compare with experiment data directly. It turns out the derivation is almost the same as
the given wavefunction (i.e., zero temperature ground state wavefunction) case above.
One just needs to replace the wavefunction overlap ⟨ψ|...|ψ⟩ by the ensemble average
Tr(e−βH ...)
Tr(e−βH )

. For the fermion bilinear c†c Hamiltonian, Wick’ theorem still works for the

Green’s function Gn1,n1(k) ≡
Tr(e−βH ck,n1 c†

k,n1
)

Tr(e−βH )
= e

βεk,n1

1+e
βεk,n1

.

e2

Ω
ℑ

[∑
k

(〈
n2

∣∣∣∣∂hk

∂kα

∣∣∣∣n1

〉〈
n1

∣∣∣∣∂hk

∂kβ

∣∣∣∣n2

〉
1(

εk,n2 + εk,n1

)2 (Gn1,n1(k) −Gn2,n2(k))

)]

=
e2

Ω
ℑ

 ∑
k,n1,n2

⟨n2| ∂kα(|n1⟩)Gn1,n1(k)∂kβ
(⟨n1|) |n2⟩ − ⟨n1| ∂kβ

(|n2⟩)Gn2,n2(k)∂kα(⟨n2|) |n1⟩


=

e2

Ω
ℑ

∑
k,n

Gn,n(k)(∂kβ
(⟨n|)∂kα(|n⟩) − ∂kα(⟨n|)∂kβ

(|n⟩))


= e2ℑ

[∑
n

∫
k

dDk

(2π)D
fn(k)(∂kα(⟨n|)∂kβ

(|n⟩) − ∂kβ
(⟨n|)∂kα(|n⟩))

]
(2.20)

To derive the last line, we have used the fact that Fermi-Dirac distribution fn(k) ≡
1

1+e
βεk,n

= 1 −Gn,n(k). When D = 2, the physical meaning of the last line is basi-
cally the weighted summation of Berry curvature where the weight is the occupation
possibility of a particle on state |k,n⟩. This is the formula we usually use to compute
the finite temperature Hall conductance in systems where quasi-particle-band is a good
approximation.

Actually, since the Hall conductance is quantized (based on the amount of singular
poles in wavefunction), one can imagine the Hall conductance is robust against perturba-
tion as long as the perturbation will not introduce or reduce more poles (there is a proof
for this argument based on Ward identity [15]). This is promised by the band gap be-
tween conduct and valence bands. If this band gap is protected by certain symmetry, we
say the insulator with nontrivial Hall conductance is the symmetry protected topological
insulator. Also because of this robustness of Chern number, there is a handy numer-
ical trick [16] to compute it for quasi-particle-band system and also Green’s function
form [17–19] applying to interactive systems where a band description may be absent.
However, one should be careful that this derivation is based on the argument that adia-
batic evolution connects the real interactive ground state with a single-particle product
state. When this connection fails, one should use the real ground state wavefunction for
computing the correct Chern number [20].
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2.1.2 Semi-classical Boltzmann equation

The robust quantized Hall conductance is amazing. However, real life is hard. The
general conductance, coming from all kinds of scattering process, is so complicated that
lots of approximation should be taken to derive a reasonable result matching well with
experiments. Semi-classical Boltzmann equation is a well-known and pleasing frame
to compute conductance which matches well with experiments in most cases except for
some strong correlated phases [12, 21, 22]. The idea is assuming the perturbed scattering
process only affects the distribution of electrons in bands and replacing the Fermi-Dirac
distribution at equilibrium f (0)(k) case by the nonequilibrium distribution f(k). On
one hand, the nonequilibrium distribution is determined by the scattering possibility
from one occupied momentum k′ to empty k minus occupied momentum k to empty
k′; One the other hand, the nonequilibrium distribution f(r, k, t) is determined by its
parameters r, k, t where classical position and momentum is involved. Based on this
idea, assuming the scattering possibility from unit momentum dk′

(2π)D and unit time dt
to unit momentum dk

(2π)D is Wk′,k
dk

(2π)D dt we can write down

df(k)

dt
= −

∫
dk′

(2π)D

[
f(k)Wk,k′(1 − f(k′)) − f(k′)Wk′,k(1 − f(k))

]
. (2.21)

If one takes the relaxation-time approximation where scattering is assumed to be a rare
event and the system is almost in Fermi-Dirac distribution, possibility of the scattering
in k can be expressed as f (0)(k) dt

τ where τ is the relaxation time and 1
τ has the physical

meaning that possibility of scattering in unit time. Based on this approximation, one
can write down the formula above in a simple way

df(k)

dt
= −f(k) − f (0)(k)

τ
. (2.22)

Now let’s look at the left-hand side (LHS), expand the derivative of time by derivative
of variables for distribution function.

df

dt
=
∂f

∂t
+ v · ∂f

∂r
+ F · ∂f

∂k
(2.23)

Here v is velocity and F is force. If we assume the distribution is homogeneous so that
∂f
∂r = 0, one can derive the semi-classical Boltzmann equation we usually use

−f − f (0)

τ
=
∂f

∂t
+ F · ∂f

∂k
(2.24)

A benefit of this form is the distribution f can be solve recursively up to any order electric
field perturbation E by assuming the force coming from an AC field F = qEeiwt. We
show the result up to second order of E below. First, expand every f in the equation
based on order of perturbation E (i.e., f = f (0) + f (1) + f (2) + · · · ). Notice the zero
order is Fermi-Dirac distribution f (0) = 1

1+eβε and match the first order and the second
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order terms on both sides of the equation

f (1) = −τ ∂f
(1)

∂t
− τqeiwtE · ∂f

(0)

∂k

f (2) = −τ ∂f
(2)

∂t
− τqeiwtE · ∂f

(1)

∂k
(2.25)

Because f (0) is independent with t, integrate the first line over t will derive f (1).

f (1) =
−qτ

1 + iwτ
eiwtE · ∂f

(0)

∂k
(2.26)

Plug the expression of f (1) in the second line and integrate it over t will derive f (2)

f (2) =
(qτ )2

(1 + iwτ )(1 + i2wτ )e
i2wtE · ∂f

(0)

∂k
E · ∂f

(0)

∂k
(2.27)

Having known the nonequilibrium distribution, now we are ready to compute the con-
ductance. The semi-classical way to compute the charge current density is expressing it
by integrating the velocity over all occupied particles

Jα = q

∫
dDk

(2π)D
f(k)vα(k) (2.28)

The naive velocity comes from the energy-momentum dispersion v
(0)
α (k) = ∂kαε(k).

However, based on our last section we have known there should be one additional term
for Hall conductance which is independent with relaxation time. One can see if we
introduce a so-called anomalous velocity term v

(1)
α (k) = −q(E× Ω)α which is the linear

order of electric field, one can recover the Hall conductance expression as well as deriving
nonlinear Hall term from Berry curvature contribution [13, 14]. First, we expand charge
current density according to the field Jα = J

(1)
α + J

(2)
α + · · · . There is no zero order

because the charge current density should be zero without electric field. Explicitly, we
expand f(k) up to the second order, include the anomalous velocity and match terms
in each order.

J
(1)
α = −q2

∫
dDk

(2π)D
f (0)(k)(E × Ω(k))α + q

∫
dDk

(2π)D
f (1)(k)∂kαε(k)

J
(2)
α = −q2

∫
dDk

(2π)D
f (1)(k)(E × Ω(k))α + q

∫
dDk

(2π)D
f (2)(k)∂kαε(k) (2.29)

As I introduced in the last section, compare the charge current density with the definition
of linear and quadratic conductance J (1)

α = σαβEβ , J (2)
α = χαβγEβEγ , one can derive
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the linear and quadratic conductance.

σαβ = −q2ϵαβγ

∫
dDk

(2π)D
f (0)(k)Ωγ(k)

+
q2τ

1 + iwτ

∫
dDk

(2π)D
f (0)(k)∂kα∂kβ

ε(k)

χαβγ = − q3τ

1 + iwτ
ϵαβη

∫
dDk

(2π)D
f (0)(k)∂kγ Ωη(k)

+
q3τ2

(1 + iwτ )(1 + i2wτ )

∫
dDk

(2π)D
f (0)(k)∂kα∂kβ

∂kγε(k) + (β ↔ γ) (2.30)

Here ϵαβγ is the Levi-Civita symbol which gives a minus sign when switching two labels
and (β ↔ γ) in the last line means a term derived by exchanging β, γ labels in the term
above (By definition J

(2)
α = χαβγEβEγ , χαβγ should be symmetric when exchanging

β, γ). Now one can see we recover the Hall conductance which is the first term of σαβ

and also compute the contribution from Berry curvature dipole in quadratic conductance
which is the first term in χαβγ . The left parts are from the normal velocity v(0)α (k) and
we call them Drude terms. Those formulas will be used in Chapter 3 and Chapter 5.

2.2 Determinant Quantum Monte Carlo (DQMC)

In this section, I will introduce the general formula of DQMC [23, 24] which can solve
interacting fermion system unbiasedly using momentum space density-density interac-
tion as an example [5, 25], derive how to compute the configuration weight and the
observable based on Green’s function, give a numerically stable formula in a practical
code and finish this section with introducing a widely used time-saving code process.

2.2.1 General formula in momentum space

As we have seen in the last section, the response of a system can be derived from
the corresponding correlation (or Green’s function). Identifying a phase by long-range
(or quasi-long-range) correlation of a local order parameter also demands to compute
Green’s function. In a word, except for some topological properties from ground state
wavefunction, most of fermionic many-body macroscopic characters can be described in
a language of Green’s function. The complexity then becomes how to compute it for
an interactive many-body system. With the development from [26–32], Determinant
Quantum Monte Carlo (DQMC) gradually grows up as a powerful tool for numerically
computing interactive many-fermion system at finite temperature [23, 24]. Recently
motivated by strong correlation phenomena in twisted bilayer graphene, momentum
space DQMC becomes popular in simulation of all kinds of flat band materials [2, 5–7,
19, 25, 33]. I will show the general formula of DQMC in momentum space below, where
the general idea of it can be extended for implementing DQMC in other basis.
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Let’s assume we have a kinetic Hamiltonian H0 written in diagonalized band basis.

H0 =
∑
k,n

εk,nc
†
k,nck,n (2.31)

The main interaction comes from density-density interplay in real space (The interaction
written in normal order form can transform into density-density form with an additional
chemical potential shift).

HI =
1
2

∫
dr1dr2V (r1 − r2)(

∑
X

ψ†
X (r1)ψX (r1))(

∑
X′

ψ†
X′(r2)ψX′(r2)) (2.32)

Here we use X,X ′ to label local degree of freedom such as spin, valley, layer or sublat-
tice in Moiré system. After Fourier transformation, one has the interaction written in
momentum space plane wave basis shown below

HI =
1

2Ω

∑
q

V (q)(
∑
k1,X

c†
k1,Xck1+q,X )(

∑
k2,X′

c†
k2,X′ck2−q,X′). (2.33)

Here Ω ≡
∫
dr is the volume of real space and V (q) ≡

∫
d(r1 − r2)eiq·(r1−r2)V (r1 − r2)

is the Fourier transformation of V (r1 − r2). Considering chemical potential term, one
can define a density variation operator

δρq =
∑
k1,X

(c†
k1,Xck1+q,X − µδq,0), (2.34)

and the interaction together with chemical potential can be expressed as

HI =
1

2Ω

∑
q

V (q)δρqδρ−q. (2.35)

Now we have a Hamiltonian whose kinetic terms are written in band basis while interac-
tive terms are in plane wave basis. We should pick a single basis before next step. Flat
band with a large gap from remote bands has a great advantage that interaction can
be large enough compared with band dispersion which induces strong correlation phase,
and small enough compared with the band gap so that states in remote bands can ap-
proximately be seen as playing no role at low energy case so that one can only keep the
states within flat bands (as the case shown in Fig 2.1). Based on these considerations,
we express our interaction in band basis by introducing a unitary transformation which
is the same one diagonalizing H0 from momentum space plane wave basis.

c†
k,n =

∑
X

un,X (k)c†
k,X (2.36)

After transformation, we have δρq below

δρq =
∑

k,n,m
λn,m(k, k+ q)(c†

k,nck+q,m − µδq,0δn,m). (2.37)
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Figure 2.1: Band structure along high-symmetry lines from Bistritzer-MacDonald
(BM) model for twisted bilayer graphene (TBG). Blue and red bands are flat bands
from two valleys and dark bands are remote bands separated with a finite gap. The
detailed parameters for the plot can be found in Chapter 3.

Here λn,m(k, k+ q) ≡
∑

X u∗
X,n(k)uX,m(k+ q) is the overlap between wavefunctions of

band n,m and δn,m comes from orthogonal and complete relation. If we keep all the n,m
labels in the summation, this transformation is exact but the huge amount band degree
of freedom will unnecessarily complicate numerical simulation for low energy physics.
As the case in in TBG Fig 2.1, we only keep flat band labels in our simulation and take
a cut off for q (e.g., keep q momentum points within triple Brillouin zone) for V (q) and
λn,m(k, k+ q). Now, we have our start point Hamiltonian written in momentum space
band basis as shown below

H =
∑
k,n

εk,nc
†
k,nck,n +

1
4Ω

∑
|q|̸=0

V (q)
[
(δρq + δρ−q)

2 − (δρq − δρ−q)
2] . (2.38)

Here we have used the inverse symmetry V (q) = V (−q) and combined ±q terms together
(q = 0 corresponding to background cancels with static nucleus potential contribution
because of charge neutral condition). We would like to write down the partition function
of this Hamiltonian according to Suzuki–Trotter expansion and Hubbard–Stratonovich
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transformation (see Appendix A for details).

Z ≈ Tr(
Nβ∏
t=1

e−∆tH0e−∆tHI (t))

≈ Tr(
∏

t

e−∆tH0
∏

|q|̸=0
e− ∆tV (q)

4Ω [(δρq+δρ−q)2−(δρq−δρ−q)2]

)

≈
∑

{l|q|,t}

∏
t

[
1
16γ(l|q1|,t)γ(l|q2|,t)

]

· Tr(
∏

t

e−∆tH0
∏

|q|̸=0
e

iη(l|q1|,t)

√
∆tV (q)

4Ω (δρq+δρ−q)
e

η(l|q2|,t)

√
∆tV (q)

4Ω (δρq−δρ−q)

)

(2.39)

Here we use
{
l|q|,t

}
to label the set including all the auxiliary fields. At each t for each

|q| we have two auxiliary fields l|q1|,t, l|q2|,t = ±1, ±2 and γ(±1) = 1 +
√

6
3 , γ(±2) =

1 −
√

6
3 , η(±1) = ±

√
(2(3 −

√
6)), η(±2) = ±

√
(2(3 +

√
6)). For convenience, we define

P (
{
l|q|,t

}
) ≡

∏
t

[ 1
16γ(l|q1|,t)γ(l|q2|,t)

]
(P (

{
l|q|,t

}
) > 0,

∑
{l|q|,t} P (

{
l|q|,t

}
) = 1) and

B̂t(
{
l|q|,t

}
) ≡ e−∆tH0

∏
|q|̸=0 e

iη(l|q1|,t)

√
∆tV (q)

4Ω (δρq+δρ−q)
e

η(l|q2|,t)

√
∆tV (q)

4Ω (δρq−δρ−q). The
partition function in short hand form is

Z ≈
∑

{l|q|,t}
P (
{
l|q|,t

}
)Tr(

∏
t

B̂t(
{
l|q|,t

}
)). (2.40)

One can see for
∏

t B̂t(
{
l|q|,t

}
), it is product of exponential fermion bilinear and we

will utilize this property to compute Tr(
∏

t B̂t(
{
l|q|,t

}
)) conveniently. The left difficulty

from exponentially large summation of configuration space can be solved by importance
sampling Monte Carlo. For example, if one wants to compute the ensemble average for
operator Ô, one should write it in the form below

Ô ≡ Tr(e−βHÔ)

Tr(e−βH)

≈
∑

{l|q|,t}

P (
{
l|q|,t

}
)Tr(

∏
t B̂t(

{
l|q|,t

}
))∑{

l′|q|,t

} P ({l′|q|,t

}
)Tr(

∏
t B̂t(

{
l′|q|,t

}
))

Tr(
∏

t B̂t(
{
l|q|,t

}
)Ô)

Tr(
∏

t B̂t(
{
l|q|,t

}
))

.

(2.41)

The red part can be seen as the normalized Probability Mass Function (PMF) (if
Tr(
∏

t B̂t(
{
l|q|,t

}
)) is positive for every

{
l|q|,t

}
). According to the knowledge in Ap-

pendix A, one can sample according to this weight in detailed balanced Markov chain
to derive the result we want. The left problem will be how to compute the weight and
the observable for a given auxiliary field

{
l|q|,t

}
formally. This will be the content of our

next section.



2.2. Determinant Quantum Monte Carlo (DQMC) 17

2.2.2 Observable measurement

As we learned from Wick’s theorem in Appendix A, any observable which can be ex-
pressed as many-particle Green’s function can be derived from two-point Green’s func-
tion for single particle Hamiltonian (e.g., order parameter, energy, compressibility, spe-
cific heat and all kinds of susceptibility for response can be derived from correlation).
After decouple routine in the last section, the system can be seen as single particle
Hamiltonian for a given configuration field. We will show the formula to compute those
two-point Green’s function below. Let’s firstly prove the lemma below

Tr(e
∑

i,j Ti,jc†
i cj ) = det(I + eT ) (2.42)

where I and T on the right-hand side (RHS) represent N dimensional identity matrix
and the matrix with Ti,j elements separately (T can be diagonalized). The idea of the
proof is write the left-hand side (LHS) in T diagonal basis with eigenvalues λi by a
similarity transformation, then the trace operator in this basis will give either 1 or eλi

for ith eigenstate so that Tr(e
∑

i,j Ti,jc†
i cj ) =

∏
i(1 + eλi) = det(I + eT ). Next we need

the input that closed commutation relation for c†
i cj operator∑

i,j
Xi,jc

†
i cj ,

∑
i′,j′

Yi′,j′c†
i′cj′


=

∑
i,j,i′,j′

Xi,jYi′,j′(δi′,jc
†
i cj′ − δi,j′c†

i′cj)

=
∑
i,j

∑
l

(Xi,lYl,j − Yi,lXl,j)c
†
i ĉj (2.43)

One can easily define a matrix with element Zi,j ≡ [X,Y ]i,j so that the commutation
result is also in

∑
i,j Zi,jc

†
i cj form. Based on this input, we can derive the formula we

want
Tr(
∏

t

B̂t) = det(I +
∏

t

Bt) (2.44)

In the formula above, Bt is the matrix form of B̂t in single-particle subspace, product
of B̂t can be expressed as e

∑
i,j Ti,jc†

i cj where T matrix comes from all kinds of commuta-
tions from exponent part of B̂t when multiplying them together by Baker–Campbell–Hausdorff
formula and one can recover the matrix product form in the final determinant. With
this effort, one just needs to handle a matrix with dimension N but not an exponentially
large one for computing the weight Tr(

∏
t B̂t(

{
l|q|,t

}
)) for each configuration which has

polynomial computation complexity.

Let’s turn to the observable Tr(
∏

t
B̂t({l|q|,t})Ô)

Tr(
∏

t
B̂t({l|q|,t}))

now. As we mentioned at the begin-
ning of this section, one just needs to derive the two-point Green’s function formula after
decouple routine for computing all kinds of observables. The expression for equal-time
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Green’s function is derived as

Gi,j(0, 0) ≡
Tr(
∏

t B̂tcic
†
j)

Tr(
∏

t B̂t)

=
∂ log(Tr(

∏
t B̂te

α(δi,j−c†
jci)))

∂α
|α=0

=
∂
[
αδi,j + TrN (log(I +

∏
t Bte

−αδr=j,c=i))
]

∂α
|α=0

= δi,j − TrN ((I +
∏

t

Bt)
−1
∏

t

Btδr=j,c=i)

=

[
I − (I +

∏
t

Bt)
−1
∏

t

Bt

]
i,j

=

[
(I +

∏
t

Bt)
−1
]

i,j

(2.45)

Here TrN is the trace for N ×N matrix and δr=j,c=i is the matrix with only j row i

column nonzero element 1. One can see all kinds of two-point correlation can be read
from N ×N matrix (I +

∏
t Bt)−1 directly. As for nonequal-time Green’s function, we

need an input that

ec†Accie
−c†Ac =

∑
k

[
e−A

]
i,k
ck

ec†Acc†
je

−c†Ac =
∑

k

c†
k

[
eA
]

k,j
. (2.46)

Here A can be any matrix. A quick proof is based on the Campbell identity eXY e−X =∑∞
n=0

[Xn,Y ]
n! . Since

[
(c†Ac)n, ci

]
=
∑

k(−1)nAn
i,kck and

[
(c†Ac)n, c†

j

]
=
∑

k c
†
kA

n
k,j , we

can easily recover the formula above. One can derive the nonequal-time Green’s function
according to the relation above.

Gi,j(t, 0) ≡
Tr(B̂(β, t)ciB̂(t, 0)c†

j)

Tr(B̂(β, 0))

=
∑

k

[B(t, 0)]i,k
Tr(B̂(β, 0)ckc

†
j)

Tr(B̂(β, 0))

=
[
B(t, 0)(I +B(β, 0))−1]

i,j (2.47)
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Here we define B̂(t1, t2) ≡
∏t2

t=t1 B̂t and B(t1, t2) as the matrix form for B̂(t1, t2)
written in single-particle basis. Similarly, one can derive Gi,j(t, t),Gi,j(0, t) below

Gi,j(t, t) ≡
Tr(B̂(β, t)cic

†
jB̂(t, 0))

Tr(B̂(β, 0))

=
∑
k,l

[B(t, 0)]i,k
Tr(B̂(β, 0)ckc

†
l )

Tr(B̂(β, 0))
[
(B(t, 0))−1]

l,j

=
[
B(t, 0)(I +B(β, 0))−1(B(t, 0))−1]

i,j

=
[
(I +B(t, 0)B(β, t))−1]

i,j ;

Gi,j(0, t) ≡ −
Tr(B̂(β, t)c†

jB̂(t, 0)ci)

Tr(B̂(β, 0))
= −

[
(I − (I +B(β, 0))−1)(B(t, 0))−1]

i,j

= −
[
(I +B(β, 0))−1B(β, t)

]
i,j (2.48)

Now we have the complete formulas for computing all kinds of correlation, equal-time
or nonequal-time, as long as we have known the B(t1, t2) matrix for a given auxiliary
field configuration. And this B(t1, t2) matrix can be computed easily since it is just
the product of exponential fermion bilinear matrix. The dimension of the matrix is the
same as the single-particle subspace N and such a computation is just the O(N3) time
complexity. However, this matrix product can be time consuming and cause numerical
instability as we will see later so that one should reduce those processes in a practical
code. Since we have learned all the necessary components for the DQMC, I will introduce
how to optimize those ideas in a practical code below.

2.2.3 Numerical stability

In this section, I will introduce details about how to compute the Green’s function
stably for a given configuration field in DQMC. This step is essential for simulation
after updating several imaginary-time layers (or even a single layer when the stability
is worse). The problem comes from computing the inverse for a nearly singular matrix
(naively multiplying two matrices with different magnitude elements will cause this
problem), for example, Gi,j(t, t) =

[
(I +B(t, 0)B(β, t))−1]

i,j . A reasonable way to
compute B(t, 0) where many matrix product involved is using QR decomposition. Since
matrix Q is unitary, we rename it with U . The singular part can only come from upper
triangular matrix R, we take the norm of each row of R out to form a diagonal matrix
D which contains all the magnitude information and then rename the left part of R as
matrix V . Now we have the QR version of UDV decomposition for matrix B as shown
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below.

B =

X X X
X X X
X X X


X X X

0 X X
0 0 X

 =

X X X
X X X
X X X


X 0 0

0 X 0
0 0 X


X X X

0 X X
0 0 X


(2.49)

Here we use X to label small element and X to label the possibly larger one (compared
with 1). For B1, we have B1 = U(1)D(1)V (1). To store B2B1, one can product
B2U(1)D(1) first to form a matrix

X X X
X X X
X X X

 . (2.50)

Here one can see there is no mixing between different magnitude elements. Then UDV
decomposing this matrix gives U(2)D(2) and combining the left two upper triangular
matrices gives V (2) so that one derives B2B1 = U(2)D(2)V (2). One can do this all
the way to store B(t, 0) as B(t, 0) = U(t)D(t)V (t). In practice, we also need to store
B(β, t) which begins at Bβ and right products Bβ−1. Similarly, one just needs to use
QR to decompose the transpose of Bβ , extracts the norm of R to form D to derive Bβ =

V ′(β)D′(β)U ′(β) and B(β, t) = V ′(t)D′(t)U ′(t). Now we have separated the singular
parts in B(t, 0) and B(β, t), the computation for G(t, t) = (I +B(t, 0)B(β, t))−1 in a
numerically stable way is

G(t, t) =
[
I + U(t)D(t)V (t)V ′(t)D′(t)U ′(t)

]−1

=
[
I + U(t)DL(t)DS(t)V (t)V ′(t)D′

S(t)D
′
L(t)U

′(t)
]−1

= U ′−1D′−1
L

[
D−1

L U−1U ′−1D′−1
L +DSV V

′D′
S

]−1
D−1

L U−1 (2.51)

Here in the second line, we replace any element smaller than 1 in D(t) and D′(t) by 1 to
define DL(t) and D′

L(t) and replace each element larger than 1 by 1 to define DS(t) and
D′

S(t) so that D(t) = DL(t)DS(t),D′(t) = D′
L(t)D

′
S(t). One can see the advantage of

this operation in the last line (we omit (t) there for shorthand) where there is no large
magnitude anymore, which means the multiplication there should be stable since the
magnitude of result G(t, t) is O(1). With the same spirit, we can compute all kinds of
Green’s function in a numerically stable way.

G(0, 0) =
[
I + V ′(t)D′(t)U ′(t)U(t)D(t)V (t)

]−1

= V −1D−1
L

[
D′−1

L V ′−1V −1D−1
L +D′

SU
′UDS

]−1
D′−1

L V ′−1

G(t, 0) =
[
I + U(t)D(t)V (t)V ′(t)D′(t)U ′(t)

]−1
U(t)D(t)V (t)

= U ′−1D′−1
L

[
D−1

L U−1U ′−1D′−1
L +DSV V

′D′
S

]−1
DSV

G(0, t) = −
[
I + V ′(t)D′(t)U ′(t)U(t)D(t)V (t)

]−1
V ′(t)D′(t)U ′(t)

= −V −1D−1
L

[
D′−1

L V ′−1V −1D−1
L +D′

SU
′UDS

]−1
D′

SU
′ (2.52)
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If one still remembers, the configuration weight det(I+B(β, 0)) = det(I+B(t, 0)B(β, t))
is just the inverse determinant of the equal-time Green’s function matrix. To compute
the ratio between the proposed new configuration and the configuration now, the infor-
mation in equal-time Green’s function matrices is enough. Since we can compute the
Green’s function stably, in principle we are already able to implement DQMC stably.
However, if one computes Green’s function in this way frequently, the time cost will be
expensive. I will introduce a widely used economical process for configuration update
below.

2.2.4 Configuration update

Everything is hard at the beginning. After generalizing a random configuration
{
l|q|,t

}
,

one needs to prepare a memory block to store Bt and U(t),D(t),V (t),U ′(t),D′(t),V ′(t)

accordingly at each imaginary time slice. Now, we have B(β, 0) = U(β)D(β)V (β) and
G(0, 0) = (I +B(β, 0))−1. We want to update the auxiliary field within the first imagi-

nary time sliceB(1, 0) = e−∆tH0
∏

|q|̸=0 e
iη(l|q1|,1)

√
∆tV (q)

4Ω (δρq+δρ−q)
e

η(l|q2|,1)

√
∆tV (q)

4Ω (δρq−δρ−q)

and define the updating matrix as M|q2|,1 = e
η(l|q2|,1)

√
∆tV (q)

4Ω (δρq−δρ−q). Then we move
the updating matrix to the left without changing the determinant of the Greens’ function
by

Gb(1, 1) =M|q2|,1G(0, 0)M−1
|q2|,1. (2.53)

Here Gb(1, 1) is just an auxiliary matrix and does not correspond to any observable
since it comes from Trotter decomposition. If we try updating l|q2|,1 to l′|q2|,1, we need
to compute the weight

det(I +B′(β, 0))
det(I +B(β, 0)) = det

[
I + (I + ∆)M|q2|,1B(β, 0)M−1

|q2|,1

I +M|q2|,1B(β, 0)M−1
|q2|,1

]

= det
[
I + ∆

M|q2|,1B(β, 0)M−1
|q2|,1

I +M|q2|,1B(β, 0)M−1
|q2|,1

]
= det [I + ∆(I −Gb(1, 1))] (2.54)

Here we define matrix ∆ ≡ M ′
|q2|,1M

−1
|q2|,1 − I for convenience. One can see the update

ratio can be derived easily from Gb(1, 1) and ∆. If this configuration is unaccepted, we
keep Gb(1, 1) unchanged and move the next updating matrix M|q1|,1 in Gb(1, 1) from
right to the left and repeat the process. If the proposed configuration is accepted, we
need one more step to update Gb(1, 1) before moving the next updating matrix, i.e.

G′
b(1, 1) =

[
I + (I + ∆)((Gb(1, 1))−1 − I)

]−1

= Gb(1, 1) [I + ∆(I −Gb(1, 1))]−1 (2.55)

One can see the same matrix I + ∆(I −Gb(1, 1)) is used both for computing the weight
and the updated G′

b(1, 1), we can compute it once for determinant and the inverse
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since this will be the most time consuming step in our update process. Now everything
goes smoothly until we updated all the M|q| in B(1, 0) and finally move e−∆tH0 from
right to the left. However, as we mentioned in the last section this process can be
numerically unstable after lots of matrix product and inverse operation. We would like
to use a numerically stable Green’s function to replace the one coming from iteration.
The idea is recomputing B(1, 0) and the corresponding U(1),D(1),V (1). Since B(β, 1)
is not changed for now, U ′(1),D′(1),V ′(1) keep the same. We use the time consuming
numerical stabilization formula introduced in the last section to recompute G(1, 1) =

[I + U(1)D(1)V (1)V ′(1)D′(1)U ′(1)]−1 and make sure this one is nearly the same with
the one from iteration (e.g., the maximum matrix element error is smaller than 10−6 or
one has to do this stabilization step more frequently). Then we can start the next time
slice update similarly from the stabilized G(1, 1).

After finishing sweeping from right to left, we move e−∆tH0 from left to right,
update in the same way for the exposed M|q|,β and move it from left to right. In
this process U(β − 1),D(β − 1),V (β − 1) keep the same and one needs to recompute
U ′(β − 1),D′(β − 1),V ′(β − 1) for stabilizing G(β − 1,β − 1). After several sweeps, the
Markov chain may achieve detailed balance and then one can sample the observable
with stabilized Green’s function. One can run many Markov chains parallel and sample
within every chain. The direct average of all samples will give the ensemble averaged
value we want.

Before we finish introducing the update section, I will introduce some useful for-
mulas when the rank of ∆ is much smaller than N (These formulas are widely used
in real space lattice models since one auxiliary field only couples few sites). The first
idea comes from the determinant det(I + UV ) = det(In + V U ) where U ,V are N × n

(N > n) rectangular matrices, In is the n× n identity matrix. The second idea comes
from Sherman–Morrison formula for computing inverse

(A+ UV )−1 = A−1 −A−1U(In + V U )−1V A−1. (2.56)

Here A is invertible N ×N square matrix whose inverse is already known or can be
computed easily so that the complexity reduces to compute the inverse of a smaller
matrix. In our case let’s focus on the matrix I + ∆(I −Gb). For example, the ∆, Gb

and I −Gb are

∆ =

 0 0 0
X2,1 X2,2 0
X3,1 X3,2 0

 ,Gb =

X1,1 X1,2 X1,3

X2,1 X2,2 X2,3

X3,1 X3,2 X3,3

 , I−Gb =

1 − X1,1 −X1,2 −X1,3

−X2,1 1 − X2,2 −X2,3

−X3,1 −X3,2 1 − X3,3


(2.57)
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We can define the ∆̃, G̃b, G̃∆
b and G̃I

b as

∆̃ =

(
X2,1 X2,2

X3,1 X3,2

)
, G̃b =

X1,2 X1,3

X2,2 X2,3

X3,2 X3,3

 ,

G̃∆
b =

(
−X1,2 −X1,3

1 − X2,2 −X2,3

)
, G̃I

b =

(
1 − X1,1 −X1,2 −X1,3

−X2,1 1 − X2,2 −X2,3

)
(2.58)

where empty columns and rows in ∆ and the corresponding columns and rows in Gb and
I −Gb are erased. With these new matrices, the determinant det(I + ∆(I −Gb)) and
Gb [I + ∆(I −Gb)]

−1 can be computed in a cheaper way

det(I + ∆(I −Gb)) = det(In + G̃∆
b ∆̃)

Gb [I + ∆(I −Gb)]
−1 = Gb − G̃b∆̃(In + G̃∆

b ∆̃)−1G̃I
b (2.59)

One can see the key matrix becomes In + G̃∆
b ∆̃ where determinant and inverse are

needed and the time complexity for this computation should be O(r3) where r is the
rank of ∆. If r is independent with system size, the threshold complexity will be O(N2)

for computing each matrix element. Considering the amount of all configuration field
NβNq, our algorithm will have O(NβNqN

2) time complexity. While this is not the case
for the momentum space DQMC where r = N , so that complexity for momentum space
algorithm will be O(NβNqN

3).

Actually, this complexity reducing process can also apply on nonequal-time Green’s
function as shown explicitly in Ref [34]. While the formulas will not be used in general
observable measurement since the nonequal-time Green’s function can be computed
within numerical stabilization step and is independent with the update weight. However,
in the measurement of exponential observable Rényi entanglement entropy the update
weight will be dependent on the nonequal-time Green’s function and those formulas will
become useful for a quicker update [3, 34, 35]. For completeness, we list those formulas
below

G′
b(t, t) = Gb(t, t) [I + ∆(I −Gb(t, t))]−1 = Gb(t, t) −Gb(t, t)∆(I +GI

b (t, t)∆)−1GI
b (t, t)

G′
b(t, 0) = G′

b(t, t)(I + ∆)Bb(t, 0) = Gb(t, 0) +Gb(t, t)∆(I +GI
b (t, t)∆)−1Gb(t, 0)

G′
b(0, 0) = (I +Bb(β, t)(I + ∆)Bb(t, 0))−1 = Gb(0, 0) +Gb(0, t)∆(I +GI

b (t, t)∆)−1Gb(t, 0)

G′
b(0, t) = −G′

b(0, 0)Bb(β, t) = Gb(0, t) −Gb(0, t)∆(I +GI
b (t, t)∆)−1GI

b (t, t)

(2.60)

Here we use Bb,Gb to label B and G matrix after moving M|q| matrix and GI
b ≡ I −Gb.

Considering ∆ may not be full rank, one can replace the corresponding matrix with its
tilde version (by erasing columns and rows).
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2.3 Sign problem and sign bounds theory

2.3.1 Introduction to sign problem

As one can notice that there is no promise the weight Tr(
∏

t B̂t(
{
l|q|,t

}
)) is positive

for all auxiliary field
{
l|q|,t

}
so that it is generally an ill-defined PMF. There are some

sufficient conditions proving the weight is positive for all auxiliary fields [36–40]. The
spirit is to prove the decoupled matrix

∏
t Bt(

{
l|q|,t

}
) has complex conjugate paired

eigenvalues such that det(I +
∏

t Bt(
{
l|q|,t

}
)) is just some mode square product which

is always positive. However, when this is not the case, one can also simulate the system
by a reweight trick [41].

〈
Ô
〉

≈
∑

l Wl

〈
Ô
〉

l∑
l′ Wl′

=

∑
l
|ℜ(Wl)|

Wl⟨Ô⟩l
|ℜ(Wl)|∑

l′ |ℜ(Wl′ )|∑
l
|ℜ(Wl)|

Wl
|ℜ(Wl)|∑

l′ |ℜ(Wl′ )|

≡

〈
Ô
〉

|ℜ(Wl)|
⟨sign⟩

(2.61)

Here we define Wl ≡ P (
{
l|q|,t

}
)Tr(

∏
t B̂t(

{
l|q|,t

}
)) for shorthand. One can see the

numerator can be seen as a new observable Wl⟨Ô⟩
l

|ℜ(Wl)|
with a new weight labeled by the

red part. The denominator is the weighted average based on the same weight and the
observable there is basically the sign of ℜ(Wl). It seems this routine can already avoid the
ill-defined PMF problem. However, if one looks carefully for the ⟨sign⟩ ≡

∑
l
Wl∑

l′ |ℜ(Wl′ )|
,

one will find its numerator is just the partition function Z and its denominator can be
seen as some kind of fiction partition function Zf so that ⟨sign⟩ ∝ e−βNδf , where N is
the system size and δf is the free energy density difference between Z and Zf . Since
δf can be a finite number, ⟨sign⟩ may decay exponentially with β and N . Remember〈
Ô
〉

such as Green’s function is a O(1) number, the numerator
〈
Ô
〉

|ℜ(Wl)|
should also be

exponentially small at large size and low temperature limit. In a word, this computation
process will cause exponentially large relative error which is the so-called sign problem.

2.3.2 Sign bounds theory

As one may already notice in the derivation above, this exponential decay behavior
comes from finite δf . If we can find a case δf = 0, we will give a sufficient condition
where ⟨sign⟩ cannot be exponentially small [1, 42, 43]. However, since we can only
see

∑
l |ℜ(Wl)| as a fiction partition function, we have no idea about the corresponding
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fiction free energy. An interesting observation comes below,

∑
l

|ℜ(Wl)| =
∑

l

P (l)|ℜ(Tr(
∏

t

B̂t(l)))| ⩽
∑

l

P (l)| Tr(
∏

t

B̂t(l))| ⩽
√∑

l

P (l)| Tr(
∏

t

B̂t(l))|2.

(2.62)
Here P (l) can be seen as PMF so that we have these inequalities above. This interesting
observation tells us we can enlarge the unknown numerator

∑
l |ℜ(Wl)| to derive the

lower bound of ⟨sign⟩ if the expression on the right side of the inequality can be easily
derived.

⟨sign⟩ ⩾
∑

l Wl∑
l P (l)| Tr(

∏
t B̂t(l))|

, ⟨sign⟩ ⩾
∑

l Wl√∑
l P (l)| Tr(

∏
t B̂t(l))|2

(2.63)

This is the spirit of our sign bound theory, i.e. one can enlarge the denominator of ⟨sign⟩
to some quantity easily understood to estimate a lower bound of ⟨sign⟩. Corresponding
to two enlarge ways shown above, two quick corollaries come below.
Corollary I: If Tr(

∏
t B̂t(l)) is promised real for every configuration (e.g., decoupled

Hamiltonian is real), | Tr(
∏

t B̂t(l))|2 = (Tr(
∏

t B̂t(l)))2. The corresponding Hamilto-
nian of enlarged denominator HR is just the one introducing an extra SU(2) symmetry
on H (i.e., replacing every c†

αcβ by
∑

s=±1 c
†
α,scβ,s). At low temperature limit, the sign

bound in this case is
⟨sign⟩ ⩾ gOe

−β(EO−ER/2)
√
gR

. (2.64)

Here gO,EO(gR,ER) are ground state degeneracy and energy of original(reference)
Hamiltonian H(HR). One can see if EO − ER/2 = 0, this will give a sufficient con-
dition that ⟨sign⟩ cannot decay exponentially.
Corollary II: The Hamiltonian is written in a form below

H = K +
∑
A

(A− µA)
2. (2.65)

Here K,A are some fermion bilinear c†c and µA is real constant number (e.g., all kinds
of repulsive Hubbard model). If for a certain group of µA there is no sign problem,
for computing a Hamiltonian H with a group of µA where there is a sign problem, one
can enlarge the denominator of ⟨sign⟩ to

∑
l P (l)| Tr(

∏
t B̂t(l))| and the corresponding

reference Hamiltonian HR is just the one where there is no sign problem (This can be
seen as µA only contribute a configuration dependent phase before | Tr(

∏
t B̂t(l))| after

decouple). At low temperature limit, the sign bound in this case is

⟨sign⟩ ⩾ gOe
−β(EO−ER)

gR
. (2.66)

Here gO,EO(gR,ER) are ground state degeneracy and energy of original(reference)
Hamiltonian H(HR). One can see if EO − ER = 0, this will give a sufficient condi-
tion that ⟨sign⟩ cannot decay exponentially.
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Though these guiding rules are kind of abstract, one will see the applications of
them in Chapter 3 later and have a better understanding.

2.4 Exponential observable measurement

In traditional DQMC, the observable is Green’s function which is an O(1) number both
for each configuration and the final ensemble average value. And the weight is expo-
nentially large compared with observable such that our importance sampling can work
well. However, in some cases (e.g., free energy, Rényi entropy and Rényi entanglement
entropy), the observable can also be exponentially large or small while the final result
we would like to derive is an extensive quantity. This makes our traditional dividing way
for the weight and observable works badly [3, 34, 35, 44]. In Ref [3, 45, 46], a general
identity is proposed

log⟨eX̂⟩ =
∫ 1

0
dt⟨X̂⟩t, (2.67)

where ⟨. . .⟩t represents a modified average where the distribution probability gets an
extra factor of etX̂ . The weight and observable there is seen in a new point of view and
this is the key idea for computing exponential observable. In this section, I will intro-
duce the definition of Rényi entropy and Rényi entanglement entropy, then give DQMC
formula for computing them and finally introduce an efficient integral algorithm where
a new weight-observable separation way is taken explicitly to promise the importance
sampling.

2.4.1 Rényi entropy and Rényi entanglement entropy

First, I would like to introduce entanglement in quantum mechanics and how to quantize
this concept by introducing Rényi entropy. Let’s assume we have two sites A and B. For
each site, there can be a spin up or spin down arrow. Then one can use the spin basis
{|↑A↑B⟩ , |↑A↓B⟩ , |↓A↑B⟩ , |↓A↓B⟩} to represent a vector in Hilbert space, so that any
normalized state vector can be written in this basis as |ψa⟩ = a11 |↑A↑B⟩+ a12 |↑A↓B⟩+
a21 |↓A↑B⟩+ a22 |↓A↓B⟩. Now we assume there is a discrete random variable x following
distribution function p(x). And for a given x = a, one has the possibility p(a) of sitting
on |ψa⟩ state. Then we can define a density matrix operator ρ̂ describing the system.

ρ̂ ≡
∑

x

p(x) |ψx⟩ ⟨ψx| (2.68)

One can easily check Tr(ρ̂) =
∑

x p(x)(|x11|2 + |x12|2 + |x21|2 + |x22|2) =
∑

x p(x) = 1
and ⟨↑A↑B | ρ̂ |↑A↑B⟩ =

∑
x p(x)|x11|2 which gives the correct physical interpreting that

the possibility of observing all kinds of states should be normalized and the possibility
of observing a certain state is equal to the possibility of this state sitting in x times
the possibility of observing it for a given x. Since we have an operator behaving like
PMF very much, we can naturally use it to define the Rényi entropy to describe the
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randomness of this PMF.
S(n) ≡ 1

1 − n
log Tr(ρ̂n) (2.69)

The advantage of defining S(n) in this way is when taking n → 1 we can recover the
traditional von Neumann entropy S(n) → − Tr(ρ̂ log(ρ̂)) and in Rényi form the tricky
non-polynomial term log(ρ̂) is absent. For now, we have not encountered the concept
of entanglement. The entropy comes totally from the randomness of thermodynamic
weight p(x) (The precise form is p(x) ≡ e−βEx∑

y
e−βEy

where β is inverse of temperature

and Ex is the eigen energy for eigenstate |ψx⟩). But how can we describe the randomness
from quantum superposition or how can we describe the entanglement property between
different parts of whole system? The answer is we use reduced density matrix ρ̂A by
partially tracing one part as environment (Hilbert space of site B for example) in density
matrix so that ρ̂A ≡ TrB(ρ̂) and replace ρ̂ by this ρ̂A operator in Rényi entropy to define
Rényi entanglement entropy.

S
(n)
A ≡ 1

1 − n
log TrA(ρ̂

n
A) (2.70)

Let’s check the behavior of this quantity by looking at some examples below. First,
we would like to compute S(n)

A for ρ̂ = |↑A↑B⟩ ⟨↑A↑B |. Since ρ̂A = TrB(ρ̂) = |↑A⟩ ⟨↑A|
and ρ̂n

A = ρ̂A, we can derive S
(n)
A = 0 for any n easily. This means when we have

measured B site, there is no randomness for A site (A site must be |↑A⟩ in this case).
Another quick example is for pure superposition state density matrix ρ̂ = 1

2 (|↑A↑B⟩ +
|↓A↓B⟩)(⟨↑A↑B | + ⟨↓A↓B |). Since this is a pure state (p(x) = 1 only for one case
x = a), one can check ρ̂n = ρ̂ and entropy S(n) = 0. This indicates quantum su-
perposition (entanglement) cannot be measured in entropy S(n). However, one notices
ρ̂A = 1

2 (|↑A⟩ ⟨↑A| + |↓A⟩ ⟨↓A|) becomes a mixed state after partially tracing site B and
ρ̂n

A = 1
2n (|↑A⟩ ⟨↑A| + |↓A⟩ ⟨↓A|) so that S(n)

A = 1
1−n log 21−n = log 2 indicating finite en-

tanglement between site A and B (i.e., after measuring B we still have a finite possibility
for A sitting in different states even though there is no randomness for the whole original
system!). One may also want to check ρ̂ = 1

2 (|↑A↑B⟩+ |↓A↑B⟩)(⟨↑A↑B |+ ⟨↓A↑B |) where
it seems site A choosing up or down has nothing do to with site B, and the reduced
density matrix ρ̂A = 1

2 (|↑A⟩+ |↓A⟩)(⟨↑A|+ ⟨↓A|) indeed is a pure state so that S(n)
A = 0

(One may notice that in this case density matrix can be written as a product state
ρ̂ = 1

2 (|↑A⟩ + |↓A⟩)(⟨↑A| + ⟨↓A|) ⊗ |↑B⟩ ⟨↑B | so that both A and B parts are pure). In
our final example, one can see the whole mixed state system can also have zero entan-
glement entropy. To see that, one just use ρ̂ = 1

2 (|↑A↑B⟩ ⟨↑A↑B | + |↓A↑B⟩ ⟨↓A↑B |) =
1
2 (|↑A⟩ ⟨↑A| + |↓A⟩ ⟨↓A|) ⊗ |↑B⟩ ⟨↑B |. Partially trace B site will derive a mixed state
which has finite entropy while partially trace A site will give a pure state without en-
tanglement. After checking those examples above, we can conclude that for a system
whose density matrix cannot be written as a single product of two separated parts, there
will be a finite entanglement no matter it is pure or mixed state. While for a system
whose density matrix can be written as a product, the total entanglement entropy of two
parts is equal to its entropy.
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2.4.2 Entanglement Entropy in DQMC language

We have already obtained enough tools for computing many-fermion entropy by DQMC
from sections before. Let’s introduce how to derive a reduced density matrix in DQMC
first so that we can compute the entanglement entropy. Then I will show the integral
algorithm for computing entanglement entropy without suffering the badly sampling
issue.

The reduced density matrix formula is thanks to Grover’s work [47], where the
reduced density matrix is expressed as

ρ̂A =

∑
l det(I +

∏
t Bt(l)) det{

[
(I +

∏
t Bt(l))−1]

A
}ec†

A
log{[(I+

∏
t

Bt(l))−1]
−1
A

−IA}cA∑
l′ det(I +

∏
t Bt(l′))

.

(2.71)
Here

[
(I +

∏
t Bt(l))−1]

A
means taking rows and columns labeled by A region sites from

N ×N matrix (I+
∏

t Bt(l))−1 to form a new NA ×NA matrix. Then the corresponding
IA, c†

A and cA also only take parts with A region label. Since the red part in above for-

mula is just the PMF, let’s focus on the left part ρ̂A;l ≡ e
c
†
A

log{[(I+
∏

t
Bt(l))

−1]
−1
A

−IA}cA

TrA(e
c
†
A

log{[(I+
∏

t
Bt(l))

−1]
−1
A

−IA}cA )
to see it indeed has all the properties needed for a reduced density matrix. First, it is
easy to check the normalization requirement

TrA

(
det{

[
(I +

∏
t

Bt(l))
−1
]

A

}ec†
A

log{[(I+
∏

t
Bt(l))−1]

−1
A

−IA}cA

)
= 1. (2.72)

Then, we would like to prove

TrA(ρ̂Ac
†
i cj) = Tr(ρ̂c†

i cj) (2.73)

for any i, j ∈ A so that ρ̂A works as a density matrix for c†
i cj operator in A region (This

is the definition of the reduced density matrix). Except for the same PMF part, trace
the RHS (ρ̂l ≡

∏
t

B̂t(l)

Tr(
∏

t
B̂t(l))

) is

Tr(
∏

t B̂t(l)c
†
i cj)

Tr(
∏

t B̂t(l))
=

[
I − (I +

∏
t

Bt(l))
−1
]

j,i

(2.74)
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Similarly except for the same PMF part, trace the LHS will derive (remember the

definition ρ̂A;l ≡ e
c
†
A

log{[(I+
∏

t
Bt(l))

−1]
−1
A

−IA}cA

TrA(e
c
†
A

log{[(I+
∏

t
Bt(l))

−1]
−1
A

−IA}cA )

)

TrA(e
c†

A
log{[(I+

∏
t

Bt(l))−1]
−1
A

−IA}cAc†
i cj)

TrA(e
c†

A
log{[(I+

∏
t

Bt(l))−1]
−1
A

−IA}cA)

= TrNA
(

[
(I +

∏
t

Bt(l))
−1
]

A

{

[
(I +

∏
t

Bt(l))
−1
]−1

A

− IA}δr=i,c=j)

=

[
I − (I +

∏
t

Bt(l))
−1
]

j,i

(2.75)

This equals to the RHS and the proof is finished for c†
i cj case. To prove for any op-

erator chain it always works, one just needs to use Wick’s theorem to expand both
TrA(ρ̂A;lc

†
i cjc

†
i′cj′ ...) and Tr(ρ̂lc

†
i cjc

†
i′cj′ ...) into product of TrA(ρ̂A;lc

†c) and Tr(ρ̂lc
†c)

to see it is correct (see Appendix A). Then we can write down the direct formula for
computing the second Rényi entanglement entropy

S
(2)
A = − log Tr(ρ̂2) = − log

[∑
{l,l′} det [G({l})G({l′})] det [g({l, l′})]∑

{l,l′}={±1} det [G({l})G({l′})]

]
(2.76)

Here we define G({l}) = I +
∏

t Bt(l) and g({l, l′}) =
[
G−1({l})

]
A

[
G−1({l′})

]
A
+

(IA −
[
G−1({l})

]
A
)(IA −

[
G−1({l′})

]
A
) for shorthand. Now one can directly compute

the Rényi entanglement entropy based Monte Carlo sampling over red part PMF. But
this will suffer the exponential fluctuation of samples [44]. An intuitive interpretation
for this is entropy is an extensive quantity proportional to size of system so that the
mean value in − log [...] has to be exponentially small with system size and the relative
error for this average is exponentially large. We solve this problem by write the formula
above in an integral form, where the integrand at each point can be computed by Monte
Carlo routine and numerically integrating will give the final result [3]. Below, we will
illustrate those steps. S(2)

A can be decomposed as

S
(2)
A = −

Nk∑
i=1

log( λi

λi−1
),

λi

λi−1
=

∑
{l,l′} det [G({l})G({l′})] det [g({l, l′})](i−1)/Nk det [g({l, l′})]1/Nk∑

{l,l′} det [G({l})G({l′})] det [g({l, l′})](i−1)/Nk

≡
〈

det
[
g({l, l′})

]1/Nk
〉

i
(2.77)

The computation for each piece log( λi
λi−1

) can be done in parallel and adding them
together will derive the final result (This is the incremental idea shown in Ref [35]).
When Nk is large enough, the exponential fluctuation can be suppressed by 1/Nk power.
However, in this method we have no idea about how large this Nk should be enough.
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Let’s focus on the large Nk limit below. Since x1/Nk for x > 0 approaches to uniform
value when taking Nk → ∞, taking the equality case of Jensen’s inequality when we set
Nk → ∞ limit gives

S
(2)
A = −

Nk∑
i=1

log(
〈

det
[
g({l, l′})

]1/Nk
〉

i
)

⩽ − 1
Nk

Nk∑
i=1

〈
log(det

[
g({l, l′})

]
)
〉

i

→ −
∫ 1

0
dt

∑
{l,l′} det [G({l})G({l′})] det [g({l, l′})]t log(det [g({l, l′})])∑

{l,l′} det [G({l})G({l′})] det [g({l, l′})]t

≡ −
∫ 1

0
dt
〈
log(det

[
g({l, l′})

]
)
〉

t

(2.78)

Since we take Nk → ∞ limit for integral, the final line above for S(2)
A is exact. Here, our

observable becomes log(det [g({l, l′})]) which is not exponentially small and the integral
over continuous field t ∈ [0, 1] can be realized by numerical integral. This formula can
also be easily generalized to S

(n)
A and we show S

(2)
A , S(3)

A results for 4 × 4 dichotomy
half-filled square lattice Hubbard model in the Fig 2.2 below. Besides, one can notice
the derivative ∂⟨log(det[g({l,l′})])⟩t

∂t =
〈
log(det [g({l, l′})])2〉

t
− ⟨log(det [g({l, l′})])⟩2

t ⩾ 0
indicates the fluctuation for ⟨log(det [g({l, l′})])⟩t. As long as the slope is not sharp
(i.e., indicating mild fluctuation which is indeed the case in our computation), we can
compute ⟨log(det [g({l, l′})])⟩t accurately at given t points and integrating them within
[0, 1] will give us the 2nd Rényi entropy. The idea works the same for the computation
of free energy and entropy. For completeness, we list all the formulas below.

0 20 40 60
0

2

4

6

0 20 40 60
0

2
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6( )a ( )b

Figure 2.2: The 2nd and 3rd Rényi entropy for 4 × 4 dichotomy half-filled square
lattice Hubbard model. Blue dots in (a), (b) indicates S(2)

A , S(3)
A from DQMC integral

algorithm and the dark dashed line is result of density matrix renormalization group
(DMRG) at zero temperature. This figure comes from Ref [3].
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S
(n)
A ≡ − 1

n− 1 log(Tr(ρ̂n
A))

=
1

1 − n

∫ 1

0
dt

∑
l [P (l)]

n Tr(ρ̂n
A;l)

t log(Tr(ρ̂n
A;l))∑

l′ [P (l
′)]n Tr(ρ̂n

A;l′)
t

≡ −
∫ 1

0
dt
〈

log(Tr(ρ̂n
A;l))

〉
t
,

S(n) ≡ − 1
n− 1 log(Tr(ρ̂n))

=
1

1 − n

∫ 1

0
dt

∑
l [P (l)]

n Tr(ρ̂n
l )

t log(Tr(ρ̂n
l ))∑

l′ [P (l
′)]n Tr(ρ̂n

l′)
t

≡ −
∫ 1

0
dt ⟨log(Tr(ρ̂n

l ))⟩t ,

F ≡ − 1
β

log(Z)

= − 1
β

∫ 1

0
dt

∑
l WlP

t
l log(Pl)∑

l′ Wl′P
t
l′

≡ − 1
β

∫ 1

0
dt ⟨log(Pl)⟩t . (2.79)

Here [P (l)]n ≡
∏n

i=1 P (li), ρn
A;l ≡

∏n
i=1 ρA;li , ρn

l ≡
∏n

i=1 ρli , Wl is the decouple coeffi-
cient independent with Hamiltonian and Pl is the determinant contribution from Hamil-
tonian (e.g., if we decouple the interaction term like eαÔ2

= 1
4
∑

l=±1,±2 γ(l)e
√

αη(l)ô+

O
(
α4), where γ(±1) = 1 +

√
6

3 , γ(±2) = 1 −
√

6
3 , η(±1) = ±

√
2(3 −

√
6) and η(±2) =

±
√

2(3 +
√

6), then the γ(l)
4 part contributes the Wl, and after tracing the fermion

degree of freedom the determinant part is the Pl term).

One can see by introducing an additional integral and reallocating the weight and
observable in a new point of view, the exponential observable becomes a traditional
polynomial observable and the importance sampling idea can work again.

2.5 Further discussion

As the development of the numerical method, lots of interesting projects become possible
for study. I will give some directions for the future simulation based on the developed
numerical methods in this chapter.

According to the sign bounds theory, sign problem of DQMC at low temperature
limit can be locked with the ground state property. Some near exactly solvable model like
fractional quantum hall with near Haldane pseudo potential can become candidate for
study with DQMC. The topological property can also be detected with the entanglement
measurement of the developed integral algorithm.

Besides the entanglement, integral algorithm also provides an efficient and low-error
way for computing free energy. By considering the free energy change with involved
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perturbation in the Hamiltonian, one can study the stability with the perturbation as
well as the possible phase transition after differential.

Finally, with the fashion of quantum circuit, DQMC can also be a potential tool
for studying fermionic quantum circuit. By noticing the random evolution of traceless
free fermion Hamiltonian will at most involve real sign, such evolution for any SU(2)
fermions will have no sign problem for simulation.
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Chapter 3

Twisted bilayer graphene
(TBG)

3.1 Outline

In this chapter, I will begin from the tight-binding model of graphene, derive the Dirac
dispersion and solve the low-energy Hamiltonian involving inter-layer tunneling to give
the band dispersion for TBG. By considering the twisted angle with dispersive bands,
I will introduce the gate-tunable nonlinear Hall effect induced by the Berry curvature
sliding. At magic angle with flat bands, I will discuss the ground state and excitation
at charge neutrality by taking flat-band limit and DQMC simulation results with finite
band width. Also at magic angle but at the other integer fillings, I will discuss the
connection between ground state degeneracy and the polynomial sign problem of DQMC
at all kinds of chiral and non-chiral cases. As an example, finite-temperature topological
phase transition is identified at ν = ±1. Finally, I will give some future directions along
the way I have studied in the discussion section.

3.2 Graphene and Dirac dispersion

In this section, I will introduce the tight-binding model describing low-energy physics of
graphene, derive the Dirac dispersion and discuss the symmetries protecting the gapless
Dirac cone here [10].

By assuming the p-electron wavefunction is localized at the carbon atom center
and ignoring the oscillation of carbon atoms, we can describe electrons in graphene ap-
proximately by a nearest-neighbor-hopping tight-binding Hamiltonian on a honeycomb
lattice Hh.

Hh =
∑
⟨i,j⟩

ti,jc
†
i cj (3.1)

Here ti,j comes from the overlap of the wavefunction localized at the nearest neighbor
carbon atoms for the single particle operator (i.e., kinetic term and mean field potential
term). Because of the C6 symmetry, ti,j = t1 is a constant number in graphene. By
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labeling A,B sublattices explicitly and defining the lattice vector R1,R2 as shown in
Fig 3.1, we use the real space Hamiltonian below to describe graphene.

A

B

𝛿2

𝛿1

𝛿3
𝑅1

𝑅2

Figure 3.1: The schematic plot of honeycomb lattice with A,B sublattice. Green
circles label unit cells and orange arrows define vectors.

Hg = t1
∑
Ri

(c†
Ri,AcRi,B + c†

Ri,AcRi+R1+R2,B + c†
Ri,AcRi+R2,B + h.c.) (3.2)

According to Fourier transformation
c†

Ri,A =
1√
N

∑
k1

eik1·Ric†
k1,A

c†
Ri,B =

1√
N

∑
k2

eik2·(Ri+δ1)c†
k2,B

,


cRi,A =

1√
N

∑
k1

e−ik1·Rick1,A

cRi,B =
1√
N

∑
k2

e−ik2·(Ri+δ1)ck2,B

, (3.3)

and orthogonal relation
∑

Ri
ei(k−k0)·Ri = Nδk,k0 , we rewrite Hg in plane-wave basis

Hg = t1
∑

k

(e−k·δ1 + e−ik·(R1+R2+δ1) + e−ik·(R2+δ1))c†
k,Ack,B + h.c. (3.4)

This is a block diagonalized Hamiltonian labeled by k because of the discrete transition
symmetry. Within each block, there are two sublattices degree of freedom so that one
can express Hamiltonian at each k point by a 2 × 2 matrix as

Hk = t1

(
0 e−ik·δ1 + e−ik·δ2 + e−ik·δ3

eik·δ1 + eik·δ2 + eik·δ3 0

)
. (3.5)

The definition of δi,Ri is shown in Fig 3.1 and I set R1 = (
√

3a, 0),R2 = (−
√

3
2 a, 3

2a)

where a is the lattice constant. The eigenvalues are Ek = ±t1|eik·δ1 + eik·δ2 + eik·δ3 |.
Since t1 ̸= 0, one can find two degenerate points in the first Brillouin zone coming from
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the solution of eik·(δ1−δ3) + eik·(δ2−δ3) + 1 = 0,


k ·R2 =

2π
3

k ·R1 =
2π
3

or


k ·R2 = −2π

3
k ·R1 = −2π

3

⇒


K+ =

2π
3
√

3a
(1,

√
3)

K− = − 2π
3
√

3a
(1,

√
3)

. (3.6)

The natural filling for graphene is charge neutrality point (CNP) where Fermi surface
reduces to two points K+,K−. Considering low-energy physics we can expand the
Hamiltonian Hk to linear order around, for example, K+ as

HK++k = t1

(
0 ei 2π

3 e−ik·δ1 + e−i 2π
3 e−ik·δ2 + e−ik·δ3

e−i 2π
3 eik·δ1 + ei 2π

3 eik·δ2 + eik·δ3 0

)

≈ t1

(
0 −ei 2π

3 δ1 − e−i 2π
3 δ2 − δ3

e−i 2π
3 δ1 + ei 2π

3 δ2 + δ3 0

)
· ik

=

(
0 (1, i)

(1, −i) 0

)
· k̃

= k̃xσx − k̃yσy (3.7)

Here we have absorbed the constant number in k̃ and one can see the shape of energy
dispersion is a cone Ek̃ = ±

√
k̃2

x + k̃2
y . The similar cone-shape Hamiltonian can also be

found as HK−+k = −k̃xσx − k̃yσy near K− point. Actually one can derive this HK−+k

by time reversal symmetry H∗
K+−k = HK−+k. Time reversal alone cannot protect the

Dirac cone from gapping since one can see adding a mass term σz can easily gap the
degenerate points without breaking time reversal.{

HK++k = k̃xσx − k̃yσy +mσz

HK−+k = −k̃xσx − k̃yσy +mσz

. (3.8)

One can check there is still H∗
K+−k = HK−+k while the eigenvalues at K+,K− become

non-degenerate ±m. For shorthand, let’s name those two cones as two valleys labeled
by τ = ±1. One may notice another inversion transformation (or C2 rotation which is
the same as inversion in 2D) can also connect the low-energy Hamiltonian between two
valleys σxHK+−kσx = HK−+k. Again, inversion alone also cannot protect the Dirac
cone from gapping and one can check this by adding different mass terms σz at two
valleys without breaking inversion.{

HK++k = k̃xσx − k̃yσy +mσz

HK−+k = −k̃xσx − k̃yσy −mσz

. (3.9)

However, if one restricts the system has both time reversal and inversion symmetries,
one can derive a constrain for the Hamiltonian within one valley σxH

∗
K++kσx = HK++k.

Since our Hamiltonian is a 2 × 2 Hermitian matrix at a given k point, one can use σ
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matrices and identity matrix σ0 to express it, i.e. Hk = aσx + bσy + cσz + dσ0. With-
out considering trivial energy shift by setting d = 0, the symmetry constrain becomes
a = a∗, b = b∗, c = −c∗. The Hermitian constrain requires c = c∗ so that c = 0. Assum-
ing any perturbation controlled by the parameters a, b, the perturbative Hamiltonian
should be Hk̃ = k̃xσx − k̃yσy + aσx + bσy = (k̃x + a)σx − (k̃y − b)σy. One can see this
perturbation just shift the Dirac point to K++(−a, b). We say this Dirac cone is locally
protected by time reversal-inversion symmetry. One can also prove C3 rotation sym-
metry will prohibit this shift departing from K+,K− where we call C3 globally protect
this Dirac cone.

This is the story about primitive graphene. In experiments, one can stack multilayer
graphene (with or without relative twist) to give more Dirac cones (e.g., AA stacking
bilayer preserving inversion) or a quadratic band touching (e.g., AB stacking bilayer
breaking inversion) near K+,K− points and make the story more interesting. I will
focus on the near AA stacking twisted bilayer graphene case in the rest part of this
chapter, where at a certain twist angle the energy band can be tuned flat (i.e., the slope
of the Dirac cone becomes zero) so that interaction terms play significant roles and all
kinds of correlation effects are observed in experiments [48–70].

3.3 Bistritzer-MacDonald (BM) model for small an-
gle TBG

There are tight binding model and continuous model for theoretical study of TBG [71–
76]. In this section, I will introduce the continuous BM model for describing small angle
twisted bilayer graphene which gives the band dispersion and wavefunction serving as
starting point for interaction involved computation later.

First, one puts two graphene Brillouin zones with a small twist together and will see
near a K point of one valley two Dirac cones have a relative shift. For now, we have not
considered the inter-layer hopping yet and the nearest Dirac cone just comes from the
other layer. If one considers the inter-layer hopping up to the leading order, one should
consider the hopping from two nearest Dirac cone low-energy fermions in momentum
space. I would like to use the matrix form of Hamiltonian involving additional layer
degree of freedom to describe this consideration.

Hk,k′ = δk,k′

(
− h̄vF (k−K1) · σ 0

0 − h̄vF (k−K2) · σ

)
+

(
0 U

U † 0

)
(3.10)

Now the explicit 2 × 2 labels two layers. One can see the first term comes from two
identical Dirac cones located at different momentum points K1,K2 and the second term
coming from Fourier transformation for inter-layer hopping. If we label the momentum
linking two nearest Dirac cones with q1, q2, q3 as shown in Fig 3.2. The hopping matrix
should be written as
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Figure 3.2: Illustration of real space AA,AB,BA region and reciprocal lattice vectors
G1,G2 in (a) and momentum space graphene Brillouin zone (BZ), moiré BZ and q1, q2, q3
definition in (b). These figures come from Ref [77, 78]

Tα,β(r) =
3∑

j=1
e−iqj ·rTα,β

j (3.11)

Here I use α,β to label sublattices. One can see momentum space nearest neighbor
hopping becomes real space local tunneling. By identifying AA, AB, BA tunneling
should have the property that AA and BB tunneling reaches the largest value in AA
region and only AB, BA tunneling exist in AB, BA region separately, I put AA region
at r = 0 and then Tα,β

j has the matrix form below.

Tj =

 u0 u1e
−i

2π(j−1)
3

u1e
i

2π(j−1)
3 u0

 (3.12)

Here I use u0,u1 to label different magnitude of intra-sublattice and inter-sublattice
tunneling. This difference comes from the wrinkle of TBG where the inter-layer distance
is smaller in AB region than AA so that u1 > u0 [79, 80]. To express the whole
Hamiltonian in the same basis, one needs to Fourier transform the real space part of
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Tα,β(r).

3∑
j=1

e−iqj ·r → 1
NΩ

3∑
j=1

∑
k1

∑
k2

∫
d2rei(k1−k2−qj )·r

=
1
N

3∑
j=1

∑
k1

∑
k2

δk1,k2+qj

=
3∑

j=1

∑
k1

δk1,k′
1−q1+qj

=
∑
k1

(δk1,k′
1
+ δk1,k′

1−G1 + δk1,k′
1−G2) (3.13)

Here Ω is the area of the system and I use G1,G2 to label moiré reciprocal lattice vectors
with the definition q1 = G1+G2

3 , q2 = G2−2G1
3 , q3 = G1−2G2

3 . Finally, in the same basis
(plane wave basis), we can write down the inter-layer hopping U term in BM model
Hamiltonian for + valley as

U =

(
u0 u1

u1 u0

)
δk,k′ +

(
u0 u1e

−i 2π
3

u1e
i 2π

3 u0

)
δk,k′−G1 +

(
u0 u1e

i 2π
3

u1e
−i 2π

3 u0

)
δk,k′−G2

(3.14)
The Hamiltonian in the other − valley can be derived by time reversal transformation
(move the element from δk,k′ to δ−k,−k′ with a complex conjugate). In a word, we write
down BM Hamiltonian for two valleys τ , −τ as

Hτ
k,k′ = δk,k′

(
− h̄vF (k−K1) · σ 0

0 − h̄vF (k−K2) · σ

)
+

(
0 U τ

U τ† 0

)

U τ =

(
u0 u1

u1 u0

)
δk,k′ +

(
u0 u1e

−i 2π
3

u1e
i 2π

3 u0

)
δk,k′−G1 +

(
u0 u1e

i 2π
3

u1e
−i 2π

3 u0

)
δk,k′−G2

H−τ
k,k′ = δk,k′

(
− h̄vF (−k−K1) · σ∗ 0

0 − h̄vF (−k−K2) · σ∗

)
+

(
0 U−τ

U−τ† 0

)

U−τ =

(
u0 u1

u1 u0

)
δk,k′ +

(
u0 u1e

i 2π
3

u1e
−i 2π

3 u0

)
δk,k′+G1 +

(
u0 u1e

−i 2π
3

u1e
i 2π

3 u0

)
δk,k′+G2 .

(3.15)

According to first principle parameter near the first magic angle flat band (slope of final
Dirac dispersion approaches zero), we set (θ, h̄vF /a0,u0,u1) = (1.08◦, 2.38eV , 0.06eV , 0.11eV ),
where θ is the relative twist angle and a0 = 0.246nm is the graphene lattice constant.
One can see this is a infinite hopping model in momentum space (i.e., the Hilbert space
is infinite) with low-energy diagonal elements near K1,K2 points. But by taking a
|Gc| = 6|G0| Brillouin zone momentum cut near k −K1 = 0, k −K2 = 0, one can de-
rive the converged low-energy band dispersion (as shown in Fig 2.1) and corresponding
wavefunction.
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3.4 Gate-tunable nonlinear Hall effect in topological
flat bands

As mentioned in Chapter 2 where the nonlinear Hall effect connects directly with the
Berry curvature dipole, I would like to discuss the nonlinear Hall effect in TBG flat
bands. According to Onsager reciprocal relations, TBG with time reversal symmetry
should have symmetric conductivity tensor so that linear Hall conductance should al-
ways be zero. By breaking C3 rotational symmetry with strain, the second order Hall
conductance is allowed to exist and becomes the leading order effect [13, 51, 81–85].
The nonlinear Hall effect in TBG flat bands can be even more interesting because the
hexagonal boron nitride (hbn)-aligned potential breaks inversion symmetry and gaps the
Dirac cone, which prohibits the trivial Berry curvature redistribution from band close-
reopen topological phase transition process [4, 86, 87]. However, the flat band shape
can be easily tuned by relatively small gate voltage such that Berry curvature hotspots
can slide within flat band and lead to significant changes in the direction and amplitude
of the nonlinear Hall signal. We give the theoretical analysis and computation results
below.

Following Ref [86–88], we first discuss how to include strain in BM model in our
calculation. A small amount of strain field is introduced to break the three-fold rota-
tional symmetry. In the theoretical model, we scanned different strain field at different
orientations and picked the one where the simulated nonlinear Hall data best resembles
the experimental results.

Imagine there is a two components vector x, then with a small strain ϵ the new
vector x′ can be seen as a coordinate transformation matrix S applying on x

x′ =

(
1

1+ϵ 0
0 1

1−δϵ

)
x ≈

(
1 − ϵ 0

0 1 + δϵ

)
x (3.16)

Here δ = 0.16 is the Poisson ratio for graphene. We can rotate the direction of strain
with an angle α by applying rotation matrixes on S

S(ϵ,α) =

(
cos(α) sin(α)

− sin(α) cos(α)

)(
1 − ϵ 0

0 1 + δϵ

)(
cos(α) − sin(α)
sin(α) cos(α)

)

= I + ϵ

(
− cos2(α) + δ sin2(α) (1 + δ) cos(α) sin(α)
(1 + δ) cos(α) sin(α) − sin2(α) + δ cos2(α)

)
≡ I +E(ϵ,α) (3.17)

Here I is the 2 × 2 identity matrix. Because of the relation aM ·G = 2π, where aM is
moiré lattice vector and G is moiré reciprocal vector, the vector in momentum space p
should transform as

p′ = S−1(ϵ,α)p (3.18)
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Keep it up to the first order of ϵ

S−1(ϵ,α) ≈ I − ϵ

(
− cos2(α) + δ sin2(α) (1 + δ) cos(α) sin(α)
(1 + δ) cos(α) sin(α) − sin2(α) + δ cos2(α)

)
≡ I −E(ϵ,α)(3.19)

According to Ref [80], strain will also introduce a fictitious gauge field A for one Dirac
cone and −A for the other

A = −
√

3
2θaM

βϵ(1 + δ)

(
cos(2α)
sin(2α)

)
(3.20)

Here β = 3.14 is estimated by the first principle calculation for graphene and θ = 1.3◦

is the twisted angle between two graphene layers in our experiment [4] so that moiré
lattice constant aM ≈ a0

θ . Without strain, the K points from two twisted layers for
valley ± are labeled by K±

1 , K±
2 as shown in Fig 3.3. We will only focus on valley +

below, and valley − can be obtained by time reversal (as illustrated in the last section).
Considering uniaxial strain ϵ1 = −0.15% for layer 1, ϵ2 = 0.15% for layer 2 and the
induced fictitious gauge field A, the coordinates for K+

1 , K+
2 are

K1 K2 M M K1

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

E(
eV

)

( )a ( )b

Figure 3.3: Schematic moiré BZ without strain and the high symmetry red lines are
shown in (a). The band structure with strain along the red lines is shown in (b). This
figure comes from supplemental material of Ref [4].

K+
1 ≈ S−1 (ϵ1,α) G0√

3

(
1
θ
2

)
+A1

K+
2 ≈ S−1 (ϵ2,α) G0√

3

(
1

− θ
2

)
+A2 (3.21)
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Here G0 is the graphene reciprocal vector length. Keep them up to the first order of ϵ

and θ and shift a constant vector − G0√
3

(
1
0

)

K+
1 ≈ G0√

3

(
0
θ
2

)
−E(ϵ1,α)G0√

3

(
1
0

)
+A1

K+
2 ≈ −G0√

3

(
0
θ
2

)
−E(ϵ2,α)G0√

3

(
1
0

)
+A2 (3.22)

The second and third terms are contributions from strains. One can see the relative
position K+

1 − K+
2 will not be affected by allocation of total strain ϵ = ϵ1 − ϵ2, so

does any physical result after a momentum shift. Besides, we also derive 6 new moiré
reciprocal vectors with strain

G′
i = S−1(ϵ,α)

(
1 −θ
θ 1

)
Gi −Gi (3.23)

, where
(

1 −θ
θ 1

)
represents the inter-layer rotation. Keep it up to the first order of ϵ

and θ, we list all Gi and correspond G′
i explicitly

[G1,G2,G3,G4,G5,G6] = G0

[(
0

−1

)
,
(√

3
2

−1
2

)
,
(√

3
2
1
2

)
,
(

0
1

)
,
(

−
√

3
2

1
2

)
,
(

−
√

3
2

−1
2

)]
[
G′

1,G′
2,G′

3,G′
4,G′

5,G′
6
]

= G0θ

[(
1
0

)
,
(

1
2√
3

2

)
,
(

−1
2√
3

2

)
,
(

−1
0

)
,
(

−1
2

−
√

3
2

)
,
(

1
2

−
√

3
2

)]

− G0E(ϵ,α)
[(

0
−1

)
,
(√

3
2

−1
2

)
,
(√

3
2
1
2

)
,
(

0
1

)
,
(

−
√

3
2

1
2

)
,
(

−
√

3
2

−1
2

)]
(3.24)

The second term inG′
i comes from contribution of relative strain. The BM model without

strain is written in the last section. Now considering the BM model with strain, one
just needs to replace all momentum with the vector after the transformation S−1(ϵ,α)
and keep the scalar k · σ unchanged.

Hτ
k,k′ = δk,k′

(
− h̄vFS(ϵ,α)

(
k−K+

1
)

· σ 0
0 − h̄vFS(ϵ,α)

(
k−K+

2
)

· σ

)
+

(
0 U τ

U τ† 0

)

U τ =

(
u0 u1

u1 u0

)
δk,k′ +

(
u0 u1e

−i 2π
3

u1e
i 2π

3 u0

)
δk,k′−G′

1
+

(
u0 u1e

i 2π
3

u1e
−i 2π

3 u0

)
δk,k′−G′

2

(3.25)



42 Chapter 3. Twisted bilayer graphene (TBG)

Since ϵ is small, and the leading order comes from I in S(ϵ,α) = I +E(ϵ,α). BM model
we use with small strain can be written as

Hτ
k,k′ = δk,k′

(
− h̄vF

(
k−K+

1
)

· σ 0
0 − h̄vF

(
k−K+

2
)

· σ

)
+

(
0 U τ

U τ† 0

)

U τ =

(
u0 u1

u1 u0

)
δk,k′ +

(
u0 u1e

−i 2π
3

u1e
i 2π

3 u0

)
δk,k′−G′

1
+

(
u0 u1e

i 2π
3

u1e
−i 2π

3 u0

)
δk,k′−G′

2

(3.26)

Here we take ℏvF
a0

= 2.377eV and lattice constant for monolayer graphene a0 = 0.246nm
so that aM ≈ a0

θ = 10.84nm. In the computation, we take hbn-aligned potential
∆ = 0.017eV [86, 89] which is a ∆σz between AB sublattices for one layer to break
inversion symmetry and open a gap between flat bands. The contribution from hbn-
aligned potential in Hamiltonian is

Hτ
∆ = δk,k′

(
0 0
0 ∆σz

)
. (3.27)

We can also introduce vertical electric field by considering an electrostatic energy dif-
ference V between two layers

Hτ
E = δk,k′

(
V
2 σ0 0
0 −V

2 σ0

)
(3.28)

Here σ0 is identity matrix and V changes between ±0.4eV . The displacement field
D is related to the applied electric field, D = εE, through the out-of-plane dielectric
constant ε of the twisted graphene. Here we suppose weak screen environment between
graphene bilayer, therefore ε = 1 is used. The inter-layer potential difference V is then
determined by V = Ed, where d = 0.35nm is the inter-layer separation. Now we are
ready to diagonalize the total Hamiltonian Hτ = Hτ

k,k′ +Hτ
∆ +Hτ

E . The band structure
without electric field for 6 nearest zero-energy bands along red line in Fig 3.3(a) is shown
in Fig 3.3(b).

For computing Berry curvature Ω, we take 100 × 100 momentum points in the
parallelogram first moiré Brillouin zone as the orange region in Fig 3.3(a) and use the
numerical method proposed in Ref [16]. The band structure and Berry curvature Ω
for flat valence band with electrostatic energy difference V from −0.2eV to 0.18eV are
shown in Fig 3.4(a) and Fig 3.4(b) from top left to bottom right with interval 0.02eV .
One can see there is no band close-reopen during this tuning process while the Berry
curvature hotspots can slide within BZ.

For computing contribution for nonlinear hall conductance near charge neutrality
from berry curvature dipole [13], we consider 6 bands closest to zero-energy, because
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( )b

( )a

Figure 3.4: Band structure and Berry curvature Ω for flat valence band with electro-
static energy difference V from −0.2eV to 0.18eV are shown in (a) and (b) from top left
to bottom right with interval 0.02eV .
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only bands near fermi surface contribute according to ∂bf0 in the expression below

Λb =
6∑

n=1

∫
k
(∂bf0)Ωn. (3.29)

This formula is proportional to the geometrical contribution of Hall conductance derived
in Chapter 2.

χxyy =
q3τ

1 + iwτ

∫
dDk

(2π)D
(∂kyf

(0)(k))Ωz(k) (3.30)

In our computation, we tune different strain’s angle α (the angle between the strain axis
and the zigzag direction of graphene) from 0◦ ∼ 180◦ with interval 15◦ and measure
dipole Λ1, Λ5 along direction G′

1 and G′
5. We also derived Λ(φ) along the angular

directions φ (the angle between the measurement direction and the zigzag direction of
graphene) by

∂φ = cos(φ)∂x + sin(φ)∂y

∂1 = ∂x

∂5 = cos(θ)∂x + sin(θ)∂y (3.31)

so that ∂φ = cos(φ)∂1 + sin(φ) ∂5−cos(θ)∂1
sin(θ) and Λφ = cos(φ)Λ1 + sin(φ)Λ5−cos(θ)Λ1

sin(θ) .
Here θ is the angle between G′

5 and G′
1 which approaches to −120◦ with strain.

In our experimental TBG heterostructures [4], a dual gate geometry is used to
independently control the total carrier density n and the displacement field D. The
scheme of longitudinal and transverse measurement is illustrated in Fig 3.5(b). We first
characterize the TBG device by measuring the longitudinal resistance Rxx and the Hall
carrier density nH as a function of the gate voltage (or equivalently, the filling factor ν of
the bands) at a temperature of T = 1.5K. The sharp peak of Rxx near the CNP indicates
the mobility ∼ 110, 000cm2V −1s−1. In TBG, single-particle gaps form at CNP and at a
superlattice density of n = ±ns = ± 4

A , where A is the moiré unit cell area and the factor
4 accounts for the spin and valley degeneracies. These fillings with single-particle gaps
(ν = 0 and ±4) can be identified in Fig 3.5(c) (vertical dashed lines) by peaks of Rxx and
the sharp sign change in nH , indicating the switching between electron-like to hole-like
pockets as the Fermi energy swap through a band gap. While additional Rxx peaks can
be observed near the half filling and the quarter filling, nH at these positions shows no
anomalies and follows nH = n, suggesting that correlation effect is relatively small in
this device and a BM type of the flat-bands model, which we adapt in the theoretical
calculation, offers a good description of such a system. This behavior is also consistent
with the observation of additional sign changes in nH at 3 < |ν| < 4 that indicates
electron-hole charge carrier interface in the single-particle band structure. From the
superlattice density ns = 4 × 1012cm−2, the twist angle of this device is determined to
be 1.3◦. It is worthwhile to highlight that by utilizing this twisting angle away from
the magic angle, complicated many-body effects, such as the anomalous enhancement
of the nonlinear Hall signal from divergence effective mass, are avoided so that a clean
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platform where semi-classical description for nonlinear Hall effect from band anomalous
velocity can be used is obtained to study the Berry curvature dipole of intrinsic band
structures. The advantage of such a flat band is that the distribution of Berry curvature
is diffused in band so that there will be significant signal from Berry curvature detected
within band.

As shown in the bottom panel of Fig 3.5(c), where the second harmonic Hall voltage
V 2ω

⊥ at Iω = 100nA versus ν is plotted, non-zero responses are indeed observed. First of
all, in agreement with the sign changes of Berry curvature dipole Λ at band gaps, V 2ω

⊥
changes signs at CNP and full fillings. In addition, V 2ω

⊥ show two peaks with opposite
signs near the band gaps, which can be understood by the Berry curvature hotspots
near the edges of the gap.

We then systematically study the dependence of nonlinear Hall effect with an out-
of-plane displacement D field which induces charge and voltage differences between the
layers. Fig 3.6(a) shows the map of V 2ω

⊥ in the space of filling factor-displacement field
(ν −D). V 2ω

⊥ at ν = −1.5 and at ν = +1 are marked by the dashed line labeled with p
and n in Fig 3.6(a) respectively. The magnitude and direction of V 2ω

⊥ changes when we
tune D while keeping ν unchanged. To be more specific, V 2ω

⊥ at ν = −1.5 at various D
is plotted in Fig 3.6(b). A region with small negative values of V 2ω

⊥ is observed between
two positive V 2ω

⊥ peaks. Moreover, V 2ω
⊥ shows a clear quadratic current–voltage (I −V )

characteristic for all D (Fig 3.6(c)), which, combined with the 2ω frequency, indicates
a robust nonlinear Hall effect. Similar D switchable V 2ω

⊥ is observed in the conduction
band (Fig 3.6(d),(e)). These observations show that D can effectively modulate the
low-energy bands as well as the sign and the amplitude of the Berry curvature dipole
Λ.

To understand the experimental observation, I compute Λb with strain’s angle α =

45◦ and dipole’s angle φ = 10◦. One can see the result matches well with the experiment
observation in Fig 3.7 and confirm the theoretical picture I introduced at the beginning
of this section. At the same time, skew scattering can also be a possible origin of
nonlinear Hall effect, while there is no mechanism promising the gate-tunable behavior
in the TBG experiment so that the Berry curvature should be the main contribution.
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Figure 3.5: Basic characterization of the TBG device. (a) Schematic structure of the
1.30◦ TBG device. The carrier density n and the displacement field D are controlled by
the top and bottom gates with gate voltage Vtg and Vbg, respectively. (b) The four-probe
measurement scheme. Here, we measure the longitudinal voltage Vxx and Hall voltage
Vxy in the presence of an AC longitudinal current Iω. (c) The longitudinal resistance
Rxx = Vxx/Iω (top panel) and the carrier density measured via the Hall effect nH

(middle panel) as functions of ν and Vbg (Vtg = 0V ). The vertical dashed lines denote
the CNP and fully filled moiré bands. The second harmonic Hall voltage V 2ω

⊥ as a
function of filling factor ν measured at Iω = 100nA and T = 1.5K is shown in bottom
panel. These figures come from Ref [4].
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Figure 3.6: Electric field tunable nonlinear Hall effect. (a) Filling and displacement
field mapping of V 2ω

⊥ measured at T = 1.5K. Dashed lines marked with p and n indicate
ν = −1.5 and ν = +1, respectively. Dash dotted lines marked with 1, 2 and 3 indicate
three different fields: D = +0.4, 0, −0.4V /nm. Their intersection points are named as
shown in the figure. (b) V 2ω

⊥ versus D measured at ν = −1.5 at Iω = 100nA. (c) V 2ω
⊥

versus Iω at various displacement fields at ν = −1.5. Dots are the experimental data
and the solid lines are parabolic fittings. (d),(e) Same as (b) and (c) for ν = +1. These
figures come from Ref [4].

( )a ( )b

Figure 3.7: Electric field tunable nonlinear Hall effect signal from experiment and
simulation. Filling and displacement field mapping of V 2ω

⊥ and Λ at T = 1.5K from
experiment and simulation are shown in (a) and (b) respectively.
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3.5 Projected Coulomb interaction and half filling ground
state

One of the earliest proposals from BM model is that the emergence of gapped flat
bands should induce strong correlation phenomena [73]. And the exciting results follow
soon [48, 49], triggering a fashion in the condensed matter and 2D quantum material
communities. As experiments have discovered the correlated insulating phases at various
integer fillings, the proximate superconductivity (SC) phases and many other correlation
features [48–70], a key question arises that how to model and understand the properties
of the insulating phases, both for their own sake and that could eventually provide a
clue for the understanding of the mechanism of the SC and other properties in TBG
systems.

Many experimental and theoretical works have indicated the interplay between the
nontrivial topology and strong interaction as the essential ingredients for the under-
standing of the electronic correlations in such materials, therefore pointing out a proper
model for TBG system shall be significantly different from the typical Hubbard-type
Hamiltonian with on-site interactions [90–97]. Besides, the nature of the insulating
states discovered in the material is also under debate. On the one hand, the analytical
and the Hartree-Fock calculations at various integer fillings have found the quantum
anomalous hall (QAH) and the inter-valley coherent (IVC) states as the ground states
without breaking the translation symmetry, suggesting that the physics is similar to the
quantum Hall ferromagnetism at the lowest Landau level (LL) [98–108]. Such similarity
also led to the proposal of the skyrmion SC for the mechanism of SC discovered near
the insulating phases at ν = ±2 [109, 110]. On the other hand, numerical calculations
based on the density matrix renormalization group (DMRG) [109, 111–113] and exact
diagonalization (ED) [114–117] have discovered a larger manifold of nearly degenerate
states strongly competing with each other even in the strong coupling regime, hinting
that such systems could contain much more complicated physics than that of the LL.

According to experiments that the correlated physics emerges only when the chem-
ical potential lies inside the flat bands [48–50] and the large band gap that separates
the flat bands and remote bands allows one to focus on the flat bands only to study
the electronic correlations [54], the effective Hamiltonian is given by the BM model in
momentum space [118] with the projected Coulomb interactions onto the flat bands,
which has significantly simplified the system for realistic analytical and numerical cal-
culations [77, 78, 99, 104, 111, 114, 119–122].

In this section, I will introduce the momentum space DQMC method [5, 25] for
the aforementioned TBG models. I first introduce the model Hamiltonian we use and
prove the absence of the sign problem for DQMC simulation at integer fillings when
either the two valley or the two spin degrees of freedom are considered. Then, by taking
the realistic parameters of the twist angle and inter-layer tunnelings into account, we
benchmark the DQMC data with the band gap derived by exact solution and reveal
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the insulating ground states at CNP. Finally, by combining the DQMC simulation with
the stochastic analytic continuation (SAC), we obtain single-particle and IVC excitation
spectra at chiral limit and realistic parameter at CNP.

3.5.1 DQMC for TBG Hamiltonian with Coulomb Interaction

Combining the DQMC for momentum space introduced in Chapter 2 with the BM model
introduce above. We derive the TBG Hamiltonian with Coulomb interaction below.

H =
∑

k,n,s,τ
ϵτ ;k,nc

†
k,n,s,τ ck,n,s,τ

+
1

4Ω

∑
|q+G|̸=0

V (q+G)
[
(δρq+G + δρ−q−G)

2 − (δρq+G − δρ−q−G)
2]

V (q+G) =
e2

4πε

∫
d2r(

1
r

− 1√
r2 + d2

)eiq·r =
e2

2ε
1
q
(1 − e−qd)

δρq+G =
∑

k,m,n,s,τ
λτ ;m,n(k, k+ q+G)(c†

k,m,s,τ ck+q,n,s,τ − 1
2δq,0δm,n) = (δρ−q−G)

†

λτ ;m,n(k, k+ q+G) =
∑

G′,l,a
u∗

τ ;m;G′,l,a(k)uτ ;n;G′+G,l,a(k+ q) (3.32)

Here the moiré lattice vector LM = a0
2 sin( θ

2 )
, and the system area Ω = Nk

√
3

2 L
2
M with

Nk momentum points in moiré Brillouin zone. We adopt single-gate screened Coulomb
potential V (r) ∝ ( 1

r − 1√
r2+d2 ) with the gate distance d

2 = 20nm and dielectric constant
ε = 7ε0. We use s, τ = ±1 to label spin and valley, l, a to label layer and sublattice
degree of freedom. uτ ;n;G′,l,a(k) is the unitary transformation diagonalizing BM model
Hamiltonian at valley τ , momentum k from plane wave basis labeled by G′, l, a to band
basis labeled by n = ±1. One should be careful that k is constrained within first Brillouin
zone and for BM model Hamiltonian with momentum k +mG, one should diagonalize
the Hamiltonian at k and move the elements to mG accordingly in uτ ;n;G′,l,a(k) to make
sure the gauge choice consistency so that form factor λτ ;m,n(k, k+ q+G) is well defined.
If there is no cut off for infinite band summation m,n, everything should be exact after
this unitary transformation. But the huge degree of freedom will ruin any computation.
We take a hard cut off and constrain the degree of freedom up to two flat bands and
1
2δq,0δm,n is the half filling tuning term where Hartree-Fock contribution from remote
bands is involved as justified in [78]. Another cut off should also included for V (q+G).
According to Ref [123], this interaction combining with form factor λτ ;m,n(k, k+ q+G)

will decay exponentially with |q+G|, we keep q+G points within three Brillouin zones
as shown in Fig 3.8(a). Now we have discussed all the setting and we are ready to write
down the DQMC formula following the routine introduced in Chapter 2.
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Figure 3.8: (a) Upper panel shows the BZ folding in TBG, with the small hexagon
representing the moiré BZ. K±

1,2 are the Dirac points for valley ± and layer 1 and 2,
θ is the rotating angle. In lower panel, G1 and G2 are the reciprocal lattice vectors
of the moiré BZ. The yellow dots are the allowed momentum transfer q +G points in
DQMC. Here we consider momentum transfer up to G, which means for a 6 × 6 mesh
in moiré BZ, the allowed number of q +G is 126. (b) and (c) show the comparison at
the CNP of the single-particle excitation gap at the chiral limit (u0 = 0) and realistic
case (u0 = 0.06) between exact solution and the DQMC results. The DQMC gaps are
obtained from fitting the imaginary time decay of the fermion Green’s function. These
figures come from Ref [5].

Z ≈ Tr(
Nβ∏
t=1

e−∆tH0e−∆tHI (t))

≈ Tr(
∏

t

e−∆tH0
∏

|q|̸=0
e− ∆tV (q)

4Ω [(δρq+δρ−q)2−(δρq−δρ−q)2]

)

≈
∑

{l|q|,t}

∏
t

[
1
16γ(l|q1|,t)γ(l|q2|,t)

]

· Tr(
∏

t

e−∆tH0
∏

|q|̸=0
e

iη(l|q1|,t)

√
∆tV (q)

4Ω (δρq+δρ−q)
e

η(l|q2|,t)

√
∆tV (q)

4Ω (δρq−δρ−q)

)

(3.33)

Here we replace all the q + G by q to keep consistent with the formula in Chap-
ter 2. As one has seen before, whether the PMF is positive definite is determined

by Tr(
∏

t

e−∆tH0
∏

|q|̸=0 e
iη(l|q1|,t)

√
∆tV (q)

4Ω (δρq+δρ−q)
e

η(l|q2|,t)

√
∆tV (q)

4Ω (δρq−δρ−q)

). We

note if one sets H0 = 0 (flat band limit), the exponential parts of decoupled interac-
tion are anti-Hermitian, the following three statements about the sign structure of the
DQMC fermion determinants are listed in order:

Statement 1 Considering single valley and single spin without kinetic terms at
half filling, the sign of the determinant is always real.

Proof In our decoupled Hamiltonian, the probability of accepting a configuration
is proportional to e

− 1
2
∑

j
Tr(Mj ) det

(
I + eM1eM2 ...eMn

)
. Here Mj coming from two-

fermion coefficients in i(δρq + δρ−q) and (δρq − δρ−q) terms are anti-Hermitian matrices
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in single particle basis and e
− 1

2
∑

j
Tr(Mj ) comes from constant terms in ei(δρq+δρ−q).

Since eMj are unitary matrixes, U = eM1eM2 ...eMn is also unitary with eigenvalue eiλj .
Set det (U) = e

∑
j

Tr(Mj ) = e

∑
j

iλj = eiΓ, e−i Γ
2 det (I + U) = e−i Γ

2
∏

j

(
1 + eiλj

)
.

For any term ei(Σk∈Aλk− Γ
2 ), A ⊆ {1, 2, ...,n}, there is always a term ei(Σk /∈Aλk− Γ

2 ) =

e−i(Σk∈Aλk− Γ
2 ), so add all terms together will always be real.

Statement 2 Considering single valley and double spin without kinetic terms at
half filling, there is no sign problem.

Proof It is straightforward to see this result according to Statement 1 by noticing
the other spin just gives a copy so that real sign will become non-negative sign. But
kinetic terms could change this result.

Statement 3 Considering single spin and double valley with flat band kinetic terms
at half filling, there is no sign problem.

Proof Here we will use the particle-hole transformation and the symmetry of TBG
for proving this statement. Following the discussion in band basis as in Ref [78], the
Hermiticity condition for λ is

λτ ;m,n(k, k+ q+G) = λ∗
τ ;n,m(k+ q+G, k). (3.34)

The C2zT symmetry operates on λ as

λτ ;m,n(k, k+ q+G) = λ∗
τ ;m,n(k, k+ q+G), (3.35)

which means λ is real in this gauge choice. The C2zP symmetry operates on λ as

λτ ;m,n(k, k+ q+G) = m× n× λ−τ ;−m,−n(k, k+ q+G). (3.36)

Based on these relations, we can derive the Statement 3 as:

δρ−τ ;q+G =
∑

k,m,n
λ−τ ;m,n(k, k+ q+G)(c†

k,m,−τ ck+q,n,−τ − 1
2δq,0δm,n)

=
∑

k,m,n
−m× n× λτ ;m,n(k, k+ q+G)(ck+q,−n,−τ c

†
k,−m,−τ − 1

2δq,0δm,n)

=
∑

k,m,n
−λτ ;m,n(k, k+ q+G)(c̃†

k+q,n,−τ c̃k,m,−τ − 1
2δq,0δm,n)

=
∑

k,m,n
−λτ ;n,m(k, k− q−G)(c̃†

k,n,−τ c̃k−q,m,−τ − 1
2δq,0δm,n) (3.37)



52 Chapter 3. Twisted bilayer graphene (TBG)

Here c̃k,m,−τ = mc†
k,−m,−τ , m,n ∈ {±1}. According to the last line, single-particle

matrixes between two valleys satisfy δρ−τ ;q+G = −δρτ ;−q−G. This directly means

Dτ ≡ Tr(
∏

t

∏
|q|̸=0

e
iη(l|q1|,t)

√
∆tV (q)

4Ω (δρτ ;q+δρτ ;−q)
e

η(l|q2|,t)

√
∆tV (q)

4Ω (δρτ ;q−δρτ ,−q)

)

= Tr(
∏

t

∏
|q|̸=0

e
−iη(l|q1|,t)

√
∆tV (q)

4Ω (δρ−τ ;q+δρ−τ ;−q)
e

η(l|q2|,t)

√
∆tV (q)

4Ω (δρ−τ ;q−δρ−τ ,−q)

)

= D∗
−τ . (3.38)

Then we have Tr(
∏

t

e−∆tH0
∏

|q|̸=0 e
iη(l|q1|,t)

√
∆tV (q)

4Ω (δρq+δρ−q)
e

η(l|q2|,t)

√
∆tV (q)

4Ω (δρq−δρ−q)

) =

DτD−τ = |Dτ |2. Besides, this transformation does not change kinetic terms. Since

ϵτ ;k,m = −ϵτ ;−k,−m = ϵ−τ ;−k,m, (3.39)

so that

ϵτ ;k,mc
†
k,m,τ ck,m,τ + ϵτ ;−k,−mc

†
−k,−m,τ c−k,−m,τ

= ϵτ ;k,m(c†
k,m,τ ck,m,τ − c†

−k,−m,τ c−k,−m,τ ),

ϵ−τ ;k,−mc
†
k,−m,−τ ck,−m,−τ + ϵ−τ ;−k,mc

†
−k,m,−τ c−k,m,−τ

= ϵτ ;k,m(ck,−m,−τ c
†
k,−m,−τ − c−k,m,−τ c

†
−k,m,−τ )

= ϵτ ;k,m(c̃†
k,m,−τ c̃k,m,−τ − c̃†

−k,−m,−τ c̃−k,−m,−τ ). (3.40)

One can see kinetic terms can be viewed as complex conjugated between two valleys
since the dispersion ϵτ ;k,m is real. The similar observation, that the TBG Hamiltonian
at CNP after DQMC decoupling is invariant under anti-unitary particle-hole symmetry,
is also pointed out in Ref [25].

We organize these statements in Tab 3.1.

Table 3.1: List of the sign structure for TBG Hamiltonian [5].

Degrees of freedom Kinetic terms Sign Structure
Single valley single spin No Real
Single valley double spin No Non-negative
Double valley single spin Flat bands Non-negative
Double valley double spin Flat bands Non-negative

3.5.2 Exact solution and DQMC results for ground state and
excitation

At half filling, there is a great advantage for considering flat band limit which has exact
solution for ground state and low-energy single-particle and two-particle charge-neutral
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excitations [2, 99, 120]. We will introduce those results and benchmark with spectra
derived from our DQMC simulation. Departing from the exact solution case, we will
show the IVC state will be favored for small band dispersion case and display the low-
energy excitation spectra of it.

Let’s consider the Hamiltonian at flat band limit

H =
1

2Ω

∑
q,G

V (q+G)(δρq+Gδρ−q−G). (3.41)

Since δρq+G = (δρ−q−G)
† and V (q +G) > 0, this Hamiltonian is positive semi-definite

(For positive semi-definite Hamiltonian H =
∑

i A
†
iAi with any operator Ai and any

wavefunction |ψ⟩, ⟨ψ|H|ψ⟩ =
∑

i ⟨Aiψ|Aiψ⟩ ⩾ 0 is always true), if we find a zero-energy
eigenstate it must be a ground state. By requiring δρq+G |ψ⟩ =

∑
k,m,n,s,τ λτ ;m,n(k, k+

q+G)(c†
k,m,s,τ ck+q,n,s,τ − 1

2δq,0δm,n) =
∑

k,m,n λτ ;m,n(k, k+ q+G)(c†
k,m,s,τ ck+q,n,s,τ +

c†
k,m,−s,τ ck+q,n,−s,τ + c̃†

k,m,s,−τ c̃k+q,n,s,−τ + c̃†
k,m,−s,−τ c̃k+q,n,−s,−τ − 2δq,0δm,n) = 0 for

any q +G, we find fully fill two of four spin-valley bands will be eigenstates with zero
energy (e.g., fill [(s, τ ), (−s, τ )] bands in [(s, τ ), (−s, τ ), (s, −τ ), (−s, −τ )]). Besides, by
looking at δρq+G carefully

δρq+G =
∑

k,m,n
λτ ;m,n(k, k+ q+G)(c†

k,m,s,τ ck+q,n,s,τ + c†
k,m,−s,τ ck+q,n,−s,τ

+ c̃†
k,m,s,−τ c̃k+q,n,s,−τ + c̃†

k,m,−s,−τ c̃k+q,n,−s,−τ − 2δq,0δm,n) (3.42)

One can notice it is a block diagonalized identity in spin-valley space such that any
unitary transformation in spin-valley space with identity in k,m space as

Us,τ ;s′,τ ′ = us,τ ;s′,τ ′
∑
k,m

c†
k,m,s,τ ck,m,s′,τ ′ (3.43)

will commute with δρq+G (i.e., [Us,τ ;s′,τ ′ , δρq+G] = 0) as well as the Hamiltonian. Since
this unitary transformation parameter us,τ ;s′,τ ′ lives in 4 × 4 spin-valley space, we say
this Hamiltonian has spin-valley U(4) symmetry. This knowledge is useful for discussing
ground state degeneracy and the polynomial sign problem at other integer fillings which
we will introduce in the next section. For now, we will focus on computing excitations
above the ground state.

Following the method in Ref [2, 121], we first prove the single particle excitation
states and charge neutral excitation states form closed orthogonal subspaces separately.
Then, we derive the eigen excitation states by diagonalizing the Hamiltonian in the
subspace.

We choose one full-filling spin-valley bands ground state as |ψ0⟩ where filled bands
labeled by σ and empty bands labeled by σ′. By defining raising operators and their
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Hermitian conjugate linking filled spin-valley bands and empty spin-valley bands as

∆†
σ′,σ =

∑
k,m

c†
k,m,σ′ck,m,σ

∆σ′,σ =
∑
k,m

c†
k,m,σck,m,σ′ (3.44)

we can check these operators commute with δρq+G and also with the Hamiltonian (They
belong to Us,τ ;s′,τ ′). The commutation relations between these operators are[

∆†
σ′

1,σ1
, ∆†

σ′
2,σ2

]
=

[
∆σ′

1,σ1 , ∆σ′
2,σ2

]
= 0[

∆†
σ′

1,σ1
, ∆σ′

2,σ2

]
=

∑
k,m

c†
k,m,σ′

1
ck,m,σ′

2
δσ1,σ2 − c†

k,m,σ1
ck,m,σ2δσ′

1,σ′
2

(3.45)

For raising between empty bands (∆†
σ′

1,σ′
2
=
∑

k,m c†
k,m,σ′

1
ck,m,σ′

2
) or full bands (∆†

σ1,σ2 =∑
k,m c†

k,m,σ1
ck,m,σ2), those operators will not change the state and only give a constant

∆†
σ′

1,σ′
2

|ψ0⟩ = 0 |ψ0⟩ and ∆†
σ1,σ2 |ψ0⟩ = 2Nkδσ1,σ2 |ψ0⟩. We can conclude all orthogonal

ground states |ψg⟩ can be expressed based on |ψ0⟩ and raising operators in a form below

|ψg⟩ =
∏
σ′,σ

(∆†
σ′,σ)

mσ′,σ |ψ0⟩ (3.46)

Here mσ′,σ are non-negative integers. The reason follows that if one inserts ∆†
σ′

1,σ′
2

or ∆†
σ1,σ2 (which also belongs to Us,τ ;s′,τ ′ and together with ∆†

σ′,σ, ∆σ′,σ form all the
possibility of Us,τ ;s′,τ ′) in this product, commutation between ∆†

σ′
1,σ′

2
and ∆†

σ′
3,σ4

will be

∆†
σ′

1,σ4
δσ′

2,σ′
3

which belongs to ∆†
σ′,σ and the rest part after all the commutations driving

∆†
σ′

1,σ′
2

to the rightmost will be ∆†
σ′

1,σ′
2

|ψ0⟩ = 0 |ψ0⟩. This means any ground state
generated by Us,τ ;s′,τ ′ can be expressed by the linear combination of wavefunctions
in the form above. On the other hand, each ∆†

σ′,σ will change the particle number
while keeping momentum conservation in two bands so that different particle number
distribution or different momentum conservation way states are orthogonal.

Now, we would like to check the orthogonal and close property for single particle ex-
citation subspace c†

k1,m1,σ1
|ψg⟩ by computing ⟨ψg| ck′

1,m′
1,σ′

1
c†

k1,m1,σ1
|ψg⟩ or equivalently

⟨ψ0| [
∏

σ′,σ(∆
†
σ′,σ)

mσ′,σ ]†ck′
1,m′

1,σ′
1
c†

k1,m1,σ1

∏
σ′,σ(∆

†
σ′,σ)

mσ′,σ |ψ0⟩. Here σ1 is not neces-
sarily full-filled bands because bands can be partially filled in |ψg⟩. Noticing |ψ0⟩ is single
particle Kronecker product state, orthogonality can be easily checked by Wick’s theorem
(see Appendix A). To be specific by noticing the contraction will transfer momentum
and band conservation, only full contraction can give non-zero result Aδk1,k′

1
δm1,m′

1
δσ1,σ′

1
where A is a constant from contraction. This proves the orthogonal property and the
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close property can also be checked according to

Hc†
k1,m1,σ1

|ψg⟩ =
[
H, c†

k1,m1,σ1

]
|ψg⟩

=
1

2Ω

∑
q,G

V (q+G)δρq+G

[
δρ−q−G, c†

k1,m1,σ1

]
|ψg⟩

=
1

2Ω

∑
q,G

V (q+G)
[
δρq+G,

[
δρ−q−G, c†

k1,m1,σ1

]]
|ψg⟩

=
∑

m2,m

 1
2Ω

∑
q,G

V (q+G)λσ1;m2,m(k1, k1 + q+G)λσ1;m,m1(k1 + q+G, k1)

 c†
k1,m2,σ1

|ψg⟩

(3.47)

This means H only projects such a single-particle excitation state to linear combination
of single particle excitation states. Then one can diagonalize H in each k1,σ1 subspace
(2 × 2 matrix in band space) to derive eigen single-particle excitation. The single hole
excitation is exactly the same with particle due to many-body particle-hole symmetry.
This gives the star lines labeled by "Exact" in Fig 3.8(b),(c).

For charge-neutral two-particle excitation c†
k1,m1,σ1

ck2,m2,σ2 |ψg⟩, one needs to ex-
clude self-contraction within one side for ⟨ψg| c†

k′
2,m′

2,σ′
2
ck′

1,m′
1,σ′

1
c†

k1,m1,σ1
ck2,m2,σ2 |ψg⟩

which gives δk1,k2δk′
1,k′

2
but not δk1,k′

1
δk2,k′

2
as we want. This can be excluded auto-

matically by requiring the momentum of this excitation non-zero (i.e., k1 − k2 ̸= 0).
If we ignore the zero excitation momentum point, then the left states again form an
orthogonal and close subspace

Hc†
k,m1,σ1

ck+p,m2,σ2 |ψg⟩ =
[
H, c†

k,m1,σ1
ck+p,m2,σ2

]
|ψg⟩

=
1

2Ω

∑
q,G

V (q+G)
[
δρq+G,

[
δρ−q−G, c†

k,m1,σ1
ck+p,m2,σ2

]]
|ψg⟩

=
1

2Ω

∑
q,G

V (q+G)
∑
m,n

[λσ1;n,m(k, k+ q+G)λσ1;m,m1(k+ q+G, k)c†
k,n,σ1

ck+p,m2,σ2

−2λσ2;m2,n(k+ p, k+ p+ q+G)λσ1;m,m1(k+ q+G, k)c†
k+q,m,σ1

ck+q+p,n,σ2

+λσ2;n,m(k+ p+ q+G, k+ p)λσ2;m2,n(k+ p, k+ p+ q+G)c†
k,m1,σ1

ck+p,m,σ2 ] |ψg⟩

(3.48)

Within each total momentum fixed excitation subspace, one can diagonalize this Hamil-
tonian and this gives the red dashed lines labeled by "Analytic Goldstone modes" in
Fig 3.9(b). This finishes the discussion of exact solution. And I will introduce how to
derive those excitation from Green’s function in DQMC below.

In the simulation of DQMC, the sign problem is absent no matter whether band
dispersion is involved so that we discuss the general setting with finite H0 below. H0 = 0
case can be used to benchmark our DQMC result and we will discuss the ground state
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Figure 3.9: (a) Single-particle spectra at T = 0.667meV , u0 = 60meV and L = 9,
which shows an insulating gap ∼ 10meV . The dashed lines are the analytic computation
of the lowest single-particle excitation at the flat-band limit. (b) Dynamical spectra of
IVC with the same parameters. Sharp and ferromagnetic-like valley waves are observed
near q = Γ and a fit of c q2 gives rise to c = 31.32 ± 0.03 (black solid line in (b)). At the
energy scale of twice the single-particle gap, ∼ 20meV , valley waves are over-damped
into the particle-hole continuum. The dashed lines are the analytic computation of the
Goldstone mode at the flat-band limit. (c) S(q = Γ), the correlation of order parameters,
for VP and IVC at u0 = 33 meV and L = 6, as a function of temperature. (b) The
same quantity at u0 = 60 meV with both L = 6 and L = 9. When kinetic energy is
ignored, the two order parameters are almost degenerate. When the kinetic energy is
taken into account ("with kin"), this degeneracy is lifted. At u0 = 33 meV, the splitting
between VP and IVC is weak. This splitting becomes more pronounced at u0 = 60 meV,
indicating that IVC is more favored at low temperatures in comparison to VP, although
the competition between these two symmetry-breaking channels remains. These figures
come from Ref [6].
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for H0 ̸= 0. First, let’s focus on imaginary-time single-particle Green’s function

Gm,m′(t, 0) ≡
Tr(e−(β−t)Hck,m,σe

−tHc†
k,m′,σ)

Tr(e−βH)

= eβF
∑
i,j

〈
i|ck,m,σ|j

〉 〈
j|c†

k,m′,σ|i
〉
e−(β−t)ϵi−tϵj (3.49)

Here, F ≡ − 1
β log(Tr(e−βH)) is the free energy and i, j labels different eigenstates of

H. By a unitary transformation diagonalizing Gm,m′(t, 0), we derive

Gα(t, 0) = eβF
∑
i,j

∣∣∣〈j|c†
k,α,σi

〉∣∣∣2 e−(β−t)ϵi−tϵj (3.50)

Now assuming low-temperature limit β → ∞, there are two dominant cases that t ≪ β

and t → β. For each case only ground state term e−(β−t)ϵ0 or e−tϵ0 in the summation
gives dominant contribution so that

Gα(t, 0) ≈ eβF −βϵ0
∑
g,j

∣∣∣〈j|c†
k,α,σψg

〉∣∣∣2 e−t(ϵj−ϵ0) + eβF −βϵ0
∑
g,i

∣∣〈i|ck,α,σψg

〉∣∣2 e−(β−t)(ϵi−ϵ0)

(3.51)

where g labels all the degenerate ground states. Now one can read from the expression
that Gα(t, 0) is proportional to the summation of all the single-particle (single-hole)
excitation weighted by the overlap with excitation eigenstates and an exponential decay
with excitation energy. Further more for a single-particle (single-hole) gapped system
ϵj − ϵ0 ̸= 0 (ϵi − ϵ0 ̸= 0), one should observe Gα(t, 0) decays to zero for large t (β − t)
which is a direct justification from DQMC data for identifying a single-particle gapped
system and the smallest slope with t (β− t) for log(Gα(t, 0)) indicates the magnitude of
the smallest single-particle (single-hole) gap ϵj − ϵ0 (ϵi − ϵ0 ̸= 0). This argument can go
far away from single-particle (single-hole) excitation and apply for all kinds of excitation
defined by O†.

Cm,m′(t, 0) ≡
Tr(e−(β−t)HOme

−tHO†
m′)

Tr(e−βH)

= eβF
∑
i,j

⟨i|Om|j⟩
〈
j|O†

m′ |i
〉
e−(β−t)ϵi−tϵj (3.52)

In the similar way, one can identify all kinds of excitation energy in different excitation
channels from DQMC correlation measurement, e.g, two-particle charge-neutral excita-
tions. I will show analytical derivation examples for those Green’s function in Chapter 4.
Besides the intuitive understanding, one can also derive the spectral function A(k,ω)
from stochastic analytic continuation method as introduced in Appendix D.

Return back to TBG system, at H0 = 0 one can see there are only two single-
particle excitations in exact solution (by diagonalizing 2 × 2 matrix at each k point) and
we confirm this result by extrapolating the slope of Gα(t, 0) at large β. The result is
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shown as "QMC" lines with error bars in Fig 3.8(b),(c) and dashed line in Fig 3.9(a).
When H0 ̸= 0 but small due to flat bands, we confirm the ground state is also single-
particle gapped by single-particle spectra as shown Fig 3.9(a). Here spin-valley U(4)
is broken while spin SU(2) is conserved. Because of Mermin–Wagner theorem there
is no spin order at finite temperature for 2D system. And we would like to detect
valley order, i.e., valley polarization (VP) or inter-valley coherence (IVC) by defining
two-particle charge-neutral order parameters. For VP and IVC, we define the order
parameter structure with momentum q in projection band basis as

OV P (q) ≡ 1
Nk

∑
k,m,s

(c†
k+q,m,+,sck,m,+,s − c†

k+q,m,−,sck,m,−,s)

OIV C(q) ≡ 1
Nk

∑
k,m,s

(imc†
k+q,m,+,sck,−m,−,s − imc†

k+q,−m,−,sck,m,+,s). (3.53)

Then for finite momentum excitation, one just computes correlation

SV P (q) ≡ ⟨OV P (q)OV P (−q)⟩l

=
1
N2

k

∑
k,m,s;k′,m′,s′

(
〈
c†

k+q,m,+,sck,m,+,sc
†
k′,m′,+,s′ck′+q,m′,+,s′

〉
l

−
〈
c†

k+q,m,+,sck,m,+,sc
†
k′,m′,−,s′ck′+q,m′,−,s′

〉
l

−
〈
c†

k+q,m,−,sck,m,−,sc
†
k′,m′,+,s′ck′+q,m′,+,s′

〉
l

+
〈
c†

k+q,m,−,sck,m,−,sc
†
k′,m′,−,s′ck′+q,m′,−,s′

〉
l
)

=
1
N2

k

∑
k,m;k′,m′

(4GI
k,m;k+q,m(τ )GI

k′+q,m′;k′,m′(τ ) + 2GI
k′+q,m′;k+q,m(τ )Gk,m;k′,m′(τ )

− 4GI
k,m;k+q,m(τ )GI

k′+q,m′;k′,m′(−τ ) − 4GI
k,m;k+q,m(−τ )GI

k′+q,m′;k′,m′(τ )

+ 4GI
k,m;k+q,m(−τ )GI

k′+q,m′;k′,m′(−τ ) + 2GI
k′+q,m′;k+q,m(−τ )Gk,m;k′,m′(−τ )

=
1
N2

k

∑
k,m;k′,m′

(4GI
k,m;k+q,m(τ )GI

k′+q,m′;k′,m′(τ ) + 2GI
k′+q,m′;k+q,m(τ )Gk,m;k′,m′(τ )

− 4GI
k,m;k+q,m(τ )G∗

k′,m′;k′+q,m′(τ ) − 4G∗
k+q,m;k,m(τ )GI

k′+q,m′;k′,m′(τ )

+ 4G∗
k+q,m;k,m(τ )G∗

k′,m′;k′+q,m′(τ ) + 2G∗
k+q,m;k′+q,m′(τ )(GI

k′,m′;k,m(τ ))∗ (3.54)

Here ⟨· · · ⟩l labels average for a given auxiliary field l in DQMC measurement and one
can compute the correlation according to Wick’s theorem as introduced in Chapter 2.
We use k,m labels to form a row or column in Green’s function matrix at valley τ

block, i.e. Gk,m;k′,m′(τ ). And as the same convention used in Chapter 2, we define
GI

k,m;k′,m′(τ ) ≡ I −Gk,m;k′,m′(τ ) where I is identity matrix. The Green’s function in
the other valley −τ can be expressed by the one in valley τ if one use this transformation
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c̃k,m,−τ = mc†
k,−m,−τ

Gk,m;k′,m′(−τ ) ≡
Tr(B−τ (β, 0)ck,m,−τ c

†
k′,m′,−τ )

Tr(B−τ (β, 0))

= mm′ Tr(B∗
τ (β, 0)c̃†

k,−m,−τ c̃k′,−m′,−τ )

Tr(B∗
τ (β, 0))

= mm′(GI
k′,−m′;k,−m(τ ))∗ (3.55)

Here we use B−τ or Bτ to identify λ−τ or λτ in B operator while this subscript has
nothing do to with c†

±τ or c±τ used within B. With this formula, one can simulate only
one spin-valley section in DQMC and use the mapping to transform the Green’s function
in other valley as shown in the final expression of SV P (q). Now let’s look at SIV C(q)

SIV C(q) ≡ ⟨OIV C(q)OIV C(−q)⟩l

=
1
N2

k

∑
k,m,s;k′,m′,s′

mm′(
〈
c†

k+q,m,+,sck,−m,−,sc
†
k′,−m′,−,s′ck′+q,m′,+,s′

〉
l

+
〈
c†

k+q,−m,−,sck,m,+,sc
†
k′,m′,+,s′ck′+q,−m′,−,s′

〉
l
)

=
1
N2

k

∑
k,m;k′,m′

mm′(2GI
k′+q,m′;k+q,m(τ )Gk,−m;k′,−m′(−τ )

+ 2GI
k′+q,−m′;k+q,−m(−τ )Gk,m;k′,m′(τ ))

=
1
N2

k

∑
k,m;k′,m′

(2GI
k′+q,m′;k+q,m(τ )(GI

k′,m′;k,m(τ ))∗

+ 2G∗
k+q,m;k′+q,m′(τ )Gk,m;k′,m′(τ )) (3.56)

These are the observable we use in DQMC implementation. One can prove at flat band
limit H0 = 0, we have SV P (q) = SIV C(q) as it should be from valley SU(2). This proof
has used the condition that when H0 = 0, B matrix is unitary as discussed in the proof
of Statement 1. Then by definition G = (I +B)−1, we derive

G+G† = (I +B)−1 +B(I +B)−1 = I (3.57)

By replacing all the GI by G† in SV P (q) and SIV C(q), one can easily check

SV P (q) =
1
N2

k

∑
k,m;k′,m′

4G∗
k+q,m;k′+q,m′(τ )Gk,m;k′,m′(τ ) = SIV C(q) (3.58)

The simulation results without and with H0 are shown in Fig 3.9(c),(d), where an IVC
order shapes faster than VP at finite temperature indicating the ground state is IVC
order. The difference of dynamic spectrum of the finite momentum excitation from those
two orders derived from imaginary time correlation and SAC is small and the IVC result
is shown in Fig 3.9(b).
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3.6 Polynomial sign problem and topological insula-
tors at chiral integer fillings

Besides the CNP flat-band limit spin-valley U(4) solution introduced in the last section,
exact analytical solution of the TBG model has also been obtained at other limits with
the similar spirit [2, 99, 120]. On the numerical side, we have discussed the CNP by using
sign-problem-free momentum-space DQMC simulations. Away from the CNP, the sign
problem arises but at certain limit it will decay in a polynomial form with system size
at low temperature limit according to the sign bounds theory introduced in Chapter 2
Corollary II. In this section, we introduce the sign problem in TBG at the flat-band
limit (interaction effect will be overestimated which will cause quantitative difference
for a gaped insulator ground state). Utilizing the sign bounds theory [1], we prove that
TBG flat bands at even integer fillings, or arbitrary integer fillings in the chiral limit,
exhibit (at most) polynomial sign problem. This observation allows us to utilize DQMC
methods to study TBG systems with fillings away from charge neutrality, away from
the chiral limit, and/or in the presence of extra attractive interactions with phonon or
topological origins [93, 109, 110, 116, 124–137] on top of the Coulomb repulsion. As
the gentlest sign problem case, we examine the chiral limit at filling ν = 1 (we denote
the fully empty/filled flat bands as ν = −4/ + 4 and charge neutrality as ν = 0). At
T = 0, this model can be solved exactly, and the exact solution reveals that at T → 0,
the system is a correlated Chern insulator – a topological Mott insulator (TMI) [2, 138]
– with Chern number C = 1. Upon raising the temperature, our DQMC simulations
observe three different phases/states (1) a metal phase with time-reversal symmetry at
high temperature T > T ⋆, (2) a time-reversal invariant pseudo-gap phase at intermediate
temperature Tc < T < T ⋆ and (3) a low-temperature TMI phase at T < Tc. Here, T ⋆

is a crossover temperature scale and Tc is the critical temperature below which the
time-reversal symmetry is spontaneously broken.

3.6.1 Ground state energy, degeneracy and sign bounds

First of all, let’s introduce the Hamiltonian we use to describe both repulsion and possible
inter-valley attraction.

HI =
1

2Ω

∑
q,G

(V1(q+G)δρ1,q+Gδρ1,−q−G + V2(q+G)δρ2,q+Gδρ2,−q−G)

δρ1,q+G =
∑

k,m,n,τ ,s
λτ ;m,n(k, k+ q+G)(c†

k,m,τ ,sck+q,n,τ ,s − ν + 4
8 δq,0δm,n)

δρ2,q+G =
∑

k,m,n,s
[λτ ;m,n(k, k+ q+G)c†

k,m,τ ,sck+q,n,τ ,s

− λ−τ ;m,n(k, k+ q+G)c†
k,m,−τ ,sck+q,n,−τ ,s]

(3.59)
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Here V1 > 0 is the same as the Coulomb repulsion used in the last section and we use
V2 ⩾ 0 to label the possible inter-valley attraction. One can check this inter-valley
attraction by expanding the density-density interaction. Here ν is used to tune the
chemical potential and ν = 0 indicates the CNP case. We would like to introduce the
chiral limit for BM model below, where the band becomes exact flat so that H = HI

with H0 = 0 [94]. Focusing on BM model

Hτ
k,k′ = δk,k′

(
− h̄vF (k−K1) · σ 0

0 − h̄vF (k−K2) · σ

)
+

(
0 U τ

U τ† 0

)

U τ =

(
u0 u1

u1 u0

)
δk,k′ +

(
u0 u1e

−i 2π
3

u1e
i 2π

3 u0

)
δk,k′−G1 +

(
u0 u1e

i 2π
3

u1e
−i 2π

3 u0

)
δk,k′−G2

H−τ
k,k′ = δk,k′

(
− h̄vF (−k−K1) · σ∗ 0

0 − h̄vF (−k−K2) · σ∗

)
+

(
0 U−τ

U−τ† 0

)

U−τ =

(
u0 u1

u1 u0

)
δk,k′ +

(
u0 u1e

i 2π
3

u1e
−i 2π

3 u0

)
δk,k′+G1 +

(
u0 u1e

−i 2π
3

u1e
i 2π

3 u0

)
δk,k′+G2 .

(3.60)

One can see if we set u0 = 0, this Hamiltonian will have no diagonal elements in sub-
lattice subspace so that it must be linear combination of σx,σy which anti-commutes
with σz. Then σz becomes the chiral symmetry operator of this Hamiltonian, i.e.
σzH

τ
k,k′σz = −Hτ

k,k′ . Since two flat bands are degenerate, one can use eigenvalues
of σz to label the degenerate bands which gives two topological nontrivial bands with
±1 Chern number. This basis is called Chern basis where the form factor coming from
the overlap of wavefunction λτ ,m,n(k, k + q +G) → λτ ,m,m(k, k + q +G)δm,n since the
overlap between two eigenfunctions with different eigenvalues is zero. Based on this, we
can expand spin-valley subspace similarly as we do in CNP U(4) case.

δρq+G =
∑
k,m

λτ ;m,m(k, k+ q+G)(c†
k,m,s,τ ck+q,m,s,τ + c†

k,m,−s,τ ck+q,m,−s,τ

+ c̃†
k,m,s,−τ c̃k+q,m,s,−τ + c̃†

k,m,−s,−τ c̃k+q,m,−s,−τ − ν + 4
2 δq,0) (3.61)

One can see Chern band label forms two closed subspace where there is U(4) symmetry
within each, so that the symmetry now for the V1 term is U(4) × U(4). This analysis
is important for computing ground state degeneracy and we will turn back to it later.
Now, we will introduce what is the sufficient conditions for zero ground state energy and
exact ground state below.

At chiral limit in Chern basis, form factor λτ ;m,n(k, k + q +G) is diagonal about
Chern bands and

∑
k λ+,+,τ (k, k+G) =

∑
k λ−,−,τ ′(k, k+G). If there is no attraction
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(V2 = 0), in Chern basis

HI =
1

2Ω

∑
q,G

V1(q+G)δρ1,q+Gδρ1,−q−G

δρ1,q+G =
∑

k,m,τ ,s
λτ ;m,m(k, k+ q+G)(c†

k,m,τ ,sck+q,m,τ ,s − µ

8 δq,0) (3.62)

We define µ ≡ ν+ 4 for convenience here. For a certain integer filling tuned by µ, we can
find a ground state |ψ0⟩ with whole Chern bands occupied by noticing a state satisfying
δρ1,q+G |ψ0⟩ = 0 for any q +G must be the ground state for this positive semi-definite
Hamiltonian. ∑

k,m′,τ ′,s′

λτ ′;m′,m′(k, k+G) − µ
∑

k

λτ ;m,m,(k, k+G) = 0 (3.63)

Here m′, τ ′, s′ mean filled Chern band, valley and spin indexes. One just requires the
amount of filled bands is equal to µ to acquire zero energy ground state. This means all
integer filling µ from 0 to 8 have zero energy ground state when V2 = 0.

With finite attraction V2 > 0, we need one more satisfied restriction δρ2,q+G |ψ0⟩ =
0 to obtain zero energy ground state. Explicitly, this requirement is∑

k,m′,s′

λτ ;m′,m′(k, k+G) −
∑

k,m′′,s′′

λ−τ ;m′′,m′′(k, k+G) = 0 (3.64)

Here m′, s′ mean filled Chern band, spin indexes in valley τ and m′′, s′′ are filled Chern
band, spin indexes in valley −τ . This restriction actually requires the same amount of
filling bands in opposite valleys, which rules out odd integer filling cases at V2 = 0.

For non-chiral V2 = 0 case,
∑

k λτ ;+,+(k, k+G) =
∑

k λτ ′;−,−(k, k+G) cannot be
promised. The zero energy ground state requirement becomes∑

k,m′,τ ′,s′

λτ ′;m′,m′(k, k+G) − µ

2
∑
k,m

λτ ;m,m(k, k+G) = 0 (3.65)

This means one needs to fully fill even opposite Chern bands, which corresponds to even
integer fillings. These zero ground state energy states will be the necessary condition
for sign bounds analysis below.

Symmetry for no attraction (V2 = 0) chiral system is U(4) × U(4) according to
our discussion before, where each U(4) corresponds to spin-valley freedom within the
same Chern number bands sector. We use Young diagram, as introduced briefly in
Appendix C, for SU(4) to compute ground state degeneracy of different integer fillings.
The ground state wave function irreducible representation for filling µ+ from 0 to 4
corresponding to 2 spins, 2 valleys within + Chern bands sector can be expressed as
Young diagram below respectively

µ+ = 1, . . . . . .
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µ+ = 2, . . . . . .

µ+ = 3, . . . . . .

µ+ = 4, . . . . . .

︸ ︷︷ ︸
Nk

The amount of normal Young tableau for SU(4) symmetry calculated by hook length
formula (see Appendix C) are

dµ+=0(SU(4)) = 1

dµ+=1(SU(4)) =
∏

j

4 + j − 1
j

=
(Nk+3)!

3!
Nk!

=
(Nk + 3)(Nk + 2)(Nk + 1)

3!

dµ+=2(SU(4)) =
∏
i,j

4 + j − i

hi,j
=

(Nk+3)!(Nk+2)!
3!2!

(Nk + 1)!Nk!
=

(Nk + 3)(Nk + 2)2(Nk + 1)
3!2!

dµ+=3(SU(4)) =
(Nk+3)!(Nk+2)!(Nk+1)!

3!2!
(Nk+2)!(Nk+1)!Nk !

2!

=
(Nk + 3)(Nk + 2)(Nk + 1)

3!

dµ+=4(SU(4)) = 1 (3.66)

By the way, the SU(2) Young diagram for µ+ = 0,µ+ = 1,µ+ = 2 have the same shape
with the SU(4) above, but the amounts of normal Young tableau are different

dµ+=0(SU(2)) = 1

dµ+=1(SU(2)) =
∏

j

2 + j − 1
j

= Nk + 1

dµ+=2(SU(2)) = 1 (3.67)

Now we are ready to count the total degeneracy for all integer filling µ from 0 to 8
(corresponding to ν from -4 to 4) for chiral no attraction (V2 = 0) TBG model by using
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SU(4) Young diagram.

dµ=0 = d{µ+=0,µ−=0} = 1

dµ=1 = d{µ+=1,µ−=0} + d{µ+=0,µ−=1} =
(Nk + 3)(Nk + 2)(Nk + 1)

3
dµ=2 = 2d{µ+=2,µ−=0} + d{µ+=1,µ−=1}

=
(Nk + 3)(Nk + 2)2(Nk + 1)

3!
+

(Nk + 3)2(Nk + 2)2(Nk + 1)2

3!3!
dµ=3 = 2d{µ+=3,µ−=0} + 2d{µ+=2,µ−=1}

=
(Nk + 3)(Nk + 2)(Nk + 1)

3 +
(Nk + 3)2(Nk + 2)3(Nk + 1)2

3!3!
dµ=4 = 2d{µ+=4,µ−=0} + 2d{µ+=3,µ−=1} + d{µ+=2,µ−=2}

= 2 + (Nk + 3)2(Nk + 2)2(Nk + 1)2

3!3 +
(Nk + 3)2(Nk + 2)4(Nk + 1)2

3!3!2!2!
dµ=5 = 2d{µ+=4,µ−=1} + 2d{µ+=3,µ−=2}

=
(Nk + 3)(Nk + 2)(Nk + 1)

3 +
(Nk + 3)2(Nk + 2)3(Nk + 1)2

3!3!
dµ=6 = 2d{µ+=4,µ−=2} + d{µ+=3,µ−=3}

=
(Nk + 3)(Nk + 2)2(Nk + 1)

3!
+

(Nk + 3)2(Nk + 2)2(Nk + 1)2

3!3!

dµ=7 = 2d{µ+=4,µ−=3} =
(Nk + 3)(Nk + 2)(Nk + 1)

3
dµ=8 = d{µ+=4,µ−=4} = 1 (3.68)

When we consider Nk → ∞, the degeneracy with power of Nk for different fillings can be
seen as dµ=0 ∝ N0

k , dµ=1 ∝ N3
k , dµ=2 ∝ N6

k , dµ=3 ∝ N7
k , dµ=4 ∝ N8

k , dµ=5 ∝ N7
k , dµ=6 ∝

N6
k , dµ=7 ∝ N3

k , dµ=8 ∝ N0
k . Because the degeneracy for our reference system (µ = 4

case where there is no sign problem) is dµ=4 ∝ N8
k , we can see the other integer filling

have different polynomial sign bounds decay according to ⟨sign⟩b ≡ bµ = dµ/dµ=4 as
bµ=3,µ=5 ∝ N−1

k , bµ=2,µ=6 ∝ N−2
k , bµ=1,µ=7 ∝ N−5

k , bµ=0,µ=8 ∝ N−8
k . This is the second

column result in Tab 3.2. One can verify the involving attraction case (V2 > 0) will
break the U(4)×U(4) to U(2)×U(2)×U(2)×U(2), where original spin-valley U(4) is
broken into two spin U(2). By introducing filling the same amount of bands in opposite
valleys restriction for zero energy ground states, we can write valley label τ explicitly
for a given µ and use the SU(2) Young diagram results above to count the degeneracy
of even integer fillings now

dµ=0 = d{µτ=0,µ−τ=0} = 1

dµ=2 = 4d{µτ=1,µ−τ=1} = 4(Nk + 1)2

dµ=4 = 4d{µ+,τ=2,µ−,−τ=2} + 4d{µ+,τ=2,µ−,−τ=1,µ+,−τ=1} + d{µ+,τ=1,µ+,−τ=1,µ−,τ=1,µ−,−τ=1}

= 4 + 4(Nk + 1)2 + (Nk + 1)4

dµ=6 = 4d{µτ=3,µ−τ=3} = 4(Nk + 1)2

dµ=8 = d{µτ=4,µ−τ=4} = 1 (3.69)
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At large Nk, sign bounds with attraction (V2 > 0) at chiral even integer filling are
written as bµ=2,µ=6 ∝ N−2

k , bµ=0,µ=8 ∝ N−4
k , which is the result of the fourth column in

Tab 3.2. It is shown before that non-chiral condition breaks U(4)×U(4) into one U(4).
We can count the ground state degeneracy of V2 = 0 case by SU(4) Young diagram

dµ=0 = 1

dµ=2 = d{µs,τ=2} =
(2Nk + 3)(2Nk + 2)(2Nk + 1)

3!

dµ=4 = d{µs,τ=4} =
(2Nk + 3)(2Nk + 2)2(2Nk + 1)

3!2!

dµ=6 = d{µs,τ=6} =
(2Nk + 3)(2Nk + 2)(2Nk + 1)

3!
dµ=8 = 1 (3.70)

This gives the third column result of Tab 3.2, which are sign bounds bµ=2,µ=6 ∝
N−1

k , bµ=0,µ=8 ∝ N−4
k for non-chiral V2 = 0 large Nk case (still assuming H0 = 0).

Table 3.2: Scaling of the sign bound ⟨sign⟩b at low temperature and large moiré lattice
size Nk = L2 [2]. A power-law function of Nk indicates that the sign problem is (at
most) polynomial. ✗ indicates the sign bound decays to zero exponentially.

Filling(ν) Chiral(γ = 0) Non-chiral(γ = 0) Chiral(γ > 0)
0 1 1 1
±1 N−1

k ✗ ✗

±2 N−2
k N−1

k N−2
k

±3 N−5
k ✗ ✗

±4 N−8
k N−4

k N−4
k

3.6.2 DQMC results for sign bounds and ν = ±1 case

As shown in Chapter 2, in DQMC simulations the expectation value of a physical ob-
servable O is measured as ⟨Ô⟩ =

∑
l Wl⟨Ô⟩l, where Wl and ⟨Ô⟩l are the weight and the

expectation value for the configuration l. Instead of summing over all configurations, a
DQMC simulation samples the configuration space using the probability Wl. In sign-
problem-free DQMC simulations, Wl ≥ 0 for all l and an accurate expectation value
can be obtained by only sampling a small number of configurations – the importance
sampling, and this number scales as a power-law function of the system size (see Ap-
pendix A). However, for many quantum systems, Wl can be negative or even complex,
and thus to obtain an accurate expectation value, it requires to sample a large number
of configurations, which usually scales as an exponential function of the system size [41].

It is worthwhile to emphasize that the sign problem doesn’t always lead to an
exponentially high computational cost as discussed in detail in Chapter 2. To measure
the severity of the sign problem, we use the average sign ⟨sign⟩ =

∑
l Wl/

∑
l |ℜ(Wl)|,

where |ℜ(Wl)| is the absolute value of the real part of Wl. For physical partition function



66 Chapter 3. Twisted bilayer graphene (TBG)

Z =
∑

l Wl =
∑

l ℜ(Wl), this average sign is between 0 and 1, and ⟨sign⟩ = 1 means
that the system is sign problem free, while smaller ⟨sign⟩ means severer sign problem.
Although the average sign can be easily measured in DQMC simulations, it usually
doesn’t have a simple analytic formula. To estimate the numerical cost to overcome the
sign problem, we utilize the sign bound ⟨sign⟩b defined in [1]. As proved in Chapter 2,
⟨sign⟩b is the lower bound of ⟨sign⟩ (i.e., ⟨sign⟩b ⩽ ⟨sign⟩). Thus, if the sign bound scale
is a power-law function of the system size, the sign problem is (at most) polynomial. In
the last section, we have computed the low temperature sign bound by counting ground
state degeneracy, which can be obtained using SU(4) and SU(2) Young diagram and
the analytical results are summarized in Tab 3.2. For Coulomb repulsion (V2 = 0), the
sign problem is polynomial at any (even) integer fillings at (away from) the chiral limit.
When inter-valley attractions are introduced (V2 > 0), even integer fillings at the chiral
limit also have polynomial sign bound.

To further verify the result, we directly calculate ⟨sign⟩ and ⟨sign⟩b in DQMC
simulations at various filling ν, and compare them with the exact formula of the sign
bound obtained at integer fillings. As shown in Fig 3.10, ⟨sign⟩ is always larger or equal
to ⟨sign⟩b as expected, and the sign bound at integer filling indeed converges to the
exact solution. The peak in ⟨sign⟩ at integer (or even integer) fillings indicates that
the sign problem is less severe and DQMC simulations have a faster convergence at
these fillings. The location of these peaks are fully consistent with the polynomial sign
problem summarized in Tab 3.2. The only exceptions are ν = 3 and 4 of Fig 3.10(a),
where the sign problem is polynomial but the figure doesn’t exhibit visible peaks. This
is because the power-law function here has high powers N−5

k and N−8
k , which requires

higher resolution (longer simulation time) to show clear distinction from exponential
functions.

With the polynomial sign bound obtained, we discuss the DQMC results as a func-
tion of temperature for the chiral limit ν = 1 filling case. In the DQMC simulation,
we observe a thermal phase transition with pseudogap spectrum and spontaneous time
reversal symmetry breaking, which is of immediate relevance to the experimental find-
ing of correlated Chern insulators at zero-field and ν = 1 filling in hbn nonaligned TBG
devices and its relatively high Curie temperature of Tc ∼ 4.5K [139].

At low temperature limit for ν = 1, exact solution at T = 0 expects degener-
ate ground states with Chern number C = ±1, and ±3. In the large system size limit
Nk → ∞, the number of ground states scales as ∝ N7

k for C = ±1 and N3
k for C = ±3 as

discussed in the last section. Due to the higher amount of ground state degeneracy, ther-
mal fluctuations shall stabilize the C = ±1 state as the thermal equilibrium state at low
temperature via the order by disorder mechanism [140, 141]. This low-temperature state
breaks spontaneously the time-reversal symmetry, but this symmetry breaking process
as a function of temperature is unknown from exact solution and our DQMC simulation
at finite temperature reveals this process. To probe the time-reversal symmetry break-
ing, we use the Chern band polarization as the order parameter, ⟨N̂+ − N̂−⟩/Nk, where
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Figure 3.10: ⟨sign⟩ versus filling ν (a,c,e) and ⟨sign⟩b versus filling ν (b,d,f) at low
temperature T = 1meV . The fillings of ν < 0 are symmetric with respect to ν = 0
via the particle-hole symmetry. (a-b) are the chiral limit γ = 0 cases, (c-d) are the
non-chiral γ = 0 cases where we take u0 = 0.06eV and (e-f) are the chiral limit γ = 4
cases. (a,c,d) are the average sign ⟨sign⟩ for L = 3(Nk = 9) and L = 4(Nk = 16)
measured from DQMC for filling from ν = 0 to ν = 4. (b,d,f) are the sign bounds
⟨sign⟩b for L = 3(Nk = 9) and L = 4(Nk = 16) measured from DQMC (solid line) and
derived from exact solution (ES) at the low temperature limit for filling ν = 1, 2 (dash
line values). The ES values in (b) are 1119/3278, 3630/111493 for L = 3 at ν = 1, 2
and 945/4357, 183/14912 for L = 4 at ν = 1, 2. The ES values are 1/10 for L = 3, 1/17
for L = 4 at ν = 2 in (d) and 100/2601 for L = 3, 71/5201 for L = 4 at ν = 2 in (f).
These figures come from Ref [2].
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N̂± are the fermion occupation number operators of ± Chern bands. The correlation
function of this order parameter is plotted in Fig 3.11, S ≡ ⟨(N̂+ − N̂−)2⟩/N2

k , and
scaling analysis reveals a second order phase transition at Tc ∼ 1.8meV , below which
the time-reversal symmetry is spontaneously broken, similar to what was observed at
ν = 3 effective models [19, 142, 143]. At low temperature, S approaches 1, indicating
that the Chern number is C = ±1, instead of ±3. In Fig 3.11(b), we rescale the y axis
as S ×L2β/ν using the 2D Ising exponents β = 1/8 and ν = 1, and the cross point at
Tc ∼ 1.8meV marks the critical temperature (see Appendix B).
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Figure 3.11: (a) Chern band polarization correlation function S versus T . At low
temperature, the Chern number approaches to 1. (b) 2D Ising universality class crossing
to determine the phase transition point at Tc ∼ 1.8meV , denoted by the dashed line.
These figures come from Ref [2].

Such a spontaneously generated Chern insulator is of both theoretical and experi-
mental interesting as in the temperature range of 0 < T < Tc, it only breaks the time
reversal symmetry but not the spin-valley U(4) continuous symmetry. In contrast to
quantum Hall states, where fermion spins are polarized due to Zeeman splitting, spin
degrees of freedom doesn’t form any order in this TMI phase and the spin SU(2) sym-
metry is preserved. To better demonstrate this point, we use the method introduced in
the CNP case for computing excitation spectrum and analytically derive the results for
single-particle and two-particle charge-neutral exciton excitations at T = 0. As shown
in Fig 3.12(a), single particle excitations (red stars) are fully gaped, indicating an insu-
lating state. To restore the time-reversal symmetry, it requires to move fermions from
+ Chern bands to - Chern bands (or vice versa). However, such particle-hole excita-
tions are fully gapped (yellow stars in Fig 3.12(a)), and thus thermal fluctuations at
low T cannot restore the time-reversal symmetry. In contrast, particle-hole excitations
between spin-valley bands with the same Chern number (blue starts) are gapless. These
excitons describe spin SU(2) and spin-valley SU(4) fluctuations, and any spin or spin-
valley order would be destroyed by these gapless excitations at any finite temperature.
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Figure 3.12: (a) Analytical excitation spectra along a high symmetry path in moiré
BZ. The red line labels the single particle excitations. Blue lines show the 10 lowest
charge neutral excitons between bands with the same Chern number. The yellow lines
label the 10 lowest charge neutral excitons between opposite Chern bands, which are
responsible to the restoration of time reversal symmetry. (b-d) Local density of states
N(ω), the single particle spectra A(Γ,ω) and A(M ,ω) obtained from the DQMC-SAC
scheme as a function of T . Different lines are lifted in y direction with the amount
of ∆β = ∆(1/T ) for clarity. Between the high temperature metal-like phase and the
low temperature TMI phase, pseudogap behavior can be found at T ⋆ ∼ 2meV above
Tc = 1.8meV . These figures come from Ref [2].
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3.7 Further discussion

Finally, as the close of this chapter, I would like to mention some effort and development
keep going on for this TBG system. For example, DQMC simulation on non-chiral non-
CNP case [33], heavy-fermion picture interpretation [144–158] and strong magnetic field
study [159–166]. While along the direction of the model I have studied, there is also
some interesting directions.

As one can see, the derivation of sign structure at CNP has nothing to do with the
twist angle or the C3 breaking strain. This promises a numerical study of TBG with
strain and twist angle perturbation near magic angle. By studying free energy or order
parameter, one can identify the stability and possible phase transition there.

Another obvious possible project is to study the other cases listed in Tab 3.2 with
all kinds of perturbations (e.g., finite temperature, non-chiral, non-flat bands). Though
polynomial sign problem will also increase the complexity of simulation, this polynomial
hard problem is considered to be much easier compared with the general exponential
time costing sign problem cases.

One can see inspired by the amazing results in TBG system, some experiments on
other twisted 2D materials are emerging such as the twisted transition metal dichalco-
genides (TTMD) where fractional quantum anomalous Hall effect is reported [167–170].
As a starting point for TTMD study, I will introduce the TTMD system in the next
chapter by using the similar methodology discussed in this chapter.
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Chapter 4

Twisted transition metal
dichalcogenides (TTMD)

4.1 Outline

In this chapter, I will introduce the similarity and difference between K valley and Γ
valley TTMD. At flat-band limit and half filling, ground states and excitations are dis-
cussed with the method used in the last chapter. Besides, single-particle and gapless
two-particle Green’s function are also derived exactly. By assuming inter-valley attrac-
tion and SU(2) limit, I have derived the bosonic fluid phase and its excitation spectra
for K valley TTMD. DQMC is also used to identify the superconductor departing from
SU(2) limit by involving finite band dispersion. Finally, some recent developments about
fractional quantum anomalous Hall observed in TTMD and further research directions
are discussed.

4.2 K valley and Γ valley flat bands and half filling
insulators

Besides the K valley flat bands in TBG, there are also K valley and Γ valley flat bands
proposed for TTMD [171] based on the position of valence band top. For example, the
twisted double layer WS2 has the band top near Γ point [171] so that it has the Γ valley
flat bands as shown in Fig 4.1(a). And the twisted double layer MoTe2 has the band top
near K points [172] so that it has the K valley flat bands as shown in Fig 4.1(b). Since
there are two K points and one Γ in the Brillouin zone, there is an additional valley Z2

for K valley TTMD. Different with TBG where spin-orbital coupling is small and spin
is almost degenerate, K valley TTMD has spin-valley locking, i.e. spin ↑ electron band
is on the top at one valley K then spin ↓ electron band must be the top band of the
other valley. Γ valley TTMD also has weak spin-orbital coupling so that spin SU(2) is
there but the absence of Dirac dispersion also can make the story different.

In this section, I will introduce the continuous models describing Γ valley twisted
double layer WS2 and K valley twisted double layer MoTe2. By identifying the flat
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( )a ( )b

Figure 4.1: (a) Band structure of Γ valley TTMD 1.1◦ twistedWS2. (b) Band structure
of K valley 1.2◦ twisted MoTe2. These figures come from Ref [171, 172].

band and band gap similarly as the TBG case, I will project the repulsive Coulomb
interaction there at half filling and discuss the flat band limit ground state and the
excitation above it. One step forward from the discussion in Chapter 3, I will also
introduce how to derive the exact expression for single-particle and two-particle Green’s
function at low temperature limit.

4.2.1 Γ valley twisted double layer WS2

First, let’s consider Γ valley twisted double layer WS2 model. Here the starting point
is the quadratic dispersion with a C6 moiré potential [171]

H = − h̄2k2

2m∗ −
∑

s

Vs

6∑
j=1

e
igs

j ·r. (4.1)

Write it explicitly in plane wave basis after Fourier transformation

H(k) = −
∑
G

h̄2(k+G)2

2m∗ c†
k+Gck+G −

∑
G

∑
s

Vs

6∑
j=1

c†
k+Gck+G+gs

j
. (4.2)

Here we use parameter rotation angle θ = 1.2◦, scattering magnitude of moiré potential
V1 = 33.5,V2 = 4,V3 = 5.5, effective mass m∗ = 0.87me and lattice constant a0 =

0.318nm [171]. In the expression, s is used to label the scattering from sth nearest
neighbor BZ [123], G, gs

j mean reciprocal lattice vectors and s, j in gs
j label s shell j

direction moiré potential scattering.
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After diagonalization the band dispersion is similar with 1.1◦ case in Fig 4.1. One
can see there are two flat valence bands separated with remote bands. After projecting
the same Coulomb interaction used in Chapter 3, keeping only flat band degree of
freedom and ignore band dispersion, our interaction Hamiltonian is written as

H =
1

2Ω

∑
q,G

V (q+G)(δρq+Gδρ−q−G)

δρq+G =
∑

k,m,n
λm,n (k, k+ q+G)

(
c†

k,m,sck+q,n,s + c†
k,m,−sck+q,n,−s − δq,0δm,n

)
= δρ†

−q−G. (4.3)

One can see there is no valley degree of freedom here and the coefficients before two
spin terms are the same in δρq+G so that it is identity 2 × 2 matrix in spin subspace and
there is an exact spin SU(2). Again since the Hamiltonian is positive semi-definite, fully
filling two flat bands within a single spin sector will be one of the zero energy ground
state at half filling. Then one can compute the single-particle and two-particle charge-
neutral excitation as discussed in Chapter 3. Alternatively, we would like to compute
the exact form of single-particle and two-particle Green’s function at low temperature
limit by normalizing all ground states, single-particle excitation states and two-particle
charge-neutral excitation states. The Green’s function results can compare directly with
the data from DQMC simulation and the same technique will be applied to K valley
TTMD and attractive interaction induced inter-valley pairing superconductor later.

As the first step, we need to identify all the ground states and normalize them. One
notices spin polarization (SP) is one of degenerated ground states since λm,m(k, k) = 1
(the overlap of the same wavefunction is normalized) and δρq+G

∣∣ψF ull
−s

〉
= 0. Then we

can define a raising operator ∆† =
∑

k,m c†
k,m,sck,m,−s commutating with δρq+G as well

as the Hamiltonian H so that
(
∆†)n ∣∣ψF ull

−s

〉
is also a ground state (n = 0, 1, 2, . . . , 2N).

Now we derive all the 2N + 1 degenerate ground states coming from spin SU(2) (we
assume there are N momentum points with the Brillouin zone for a single band).

Single-particle Green’s function at low temperature limit can be achieved by nor-
malizing all ground states and single-particle states. First,

〈
ψF ull

−s |ψF ull
−s

〉
= 1 so that∣∣ψF ull

−s

〉
is already normalized. Since[

∆, ∆†
]

=
∑
k,m

(
c†

k,m,−sck,m,−s − c†
k,m,sck,m,s

)
≡ N̂−s − N̂s〈

ψF ull
−s

∣∣∣∆n
(

∆†
)n∣∣∣ψF ull

−s

〉
= n(2N − n+ 1)

〈
ψF ull

−s

∣∣∣∣∆n−1
(

∆†
)n−1

∣∣∣∣ψF ull
−s

〉
=

n!(2N)!
(2N − n)!

, (4.4)
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we can define normalized ground states

|ψn⟩ ≡

√
(2N − n)!
n!(2N)!

(
∆†
)n ∣∣∣ψF ull

−s

〉
. (4.5)

For normalizing c†
k,1,s

(
∆†)n ∣∣ψF ull

−s

〉
, one notices ∆c†

k,1,s
∣∣ψF ull

−s

〉
= 0 so that

〈
ψF ull

−s

∣∣∣ck,1,s∆n
(

∆†
)n

c†
k,1,s

∣∣∣ψF ull
−s

〉
= n(2N − n)

〈
ψF ull

−s

∣∣∣∣ck,1,s∆n−1
(

∆†
)n−1

c†
k,1,s

∣∣∣∣ ψF ull
−s

〉
=

n!(2N − 1)!
(2N − 1 − n)!

. (4.6)

Then we can define normalized single-particle excitation states

∣∣ψn,k,1
〉

≡

√
(2N − 1 − n)!
n!(2N − 1)! c

†
k,1,s

(
∆†
)n ∣∣∣ψF ull

−s

〉
=

√
2N

2N − n
c†

k,1,s |ψn⟩ . (4.7)

At the same time, one also has the single-hole excitation states〈
ψF ull

−s

∣∣∣∆nc†
k,1,sck,1,s

(
∆†
)n∣∣∣ψF ull

−s

〉
=

〈
ψF ull

−s

∣∣∣∆n
(

∆†
)n∣∣∣ψF ull

−s

〉
−
〈
ψF ull

−s

∣∣∣ck,1,s∆n
(

∆†
)n

c†
k,1,s

∣∣∣ψF ull
−s

〉
=

n!(2N)!
(2N − n)!

− n!(2N − 1)!
(2N − 1 − n)!

=
n!(2N − 1)!
(2N − 1 − n)!

(
n

2N − n

)
(4.8)

so that we can define normalized single-hole excitation states

∣∣ψn,k,−1
〉

≡

√
(2N − 1 − n)!(2N − n)

n!(2N − 1)!n ck,1,s
(

∆†
)n ∣∣∣ψF ull

−s

〉
=

√
2N
n
ck,1,s |ψn⟩ . (4.9)

Now we are ready to derive single-particle Green’s function at low temperature limit

Gk,1,s(t) =
〈
ck,1,s(t)c

†
k,1,s(0)

〉
=

Tr
(
e−(β−t)Hck,1,se

−tHc†
k,1,s

)
Tr (e−βH)

lim
β→∞
=

1
2N + 1

[∑
n

e−tεk,1
∣∣∣〈c†

k,1,sψn

∣∣∣ψn,k,1
〉∣∣∣2 +∑

n

e−(β−t)εk,−1
∣∣〈ψn,k,−1

∣∣ck,1,sψn

〉∣∣2]

=
1

2N + 1

[
e−tεk,1

∑
n

2N − n

2N + e−(β−t)εk,−1
∑

n

n

2N

]

=
1
2e

−tεk,1 +
1
2e

−(β−t)εk,−1 . (4.10)

Here εk,1, εk,−1 label single-particle and single-hole excitation energy above ground state.
One can see the result is just two branches of exponential decay from t = 0 and t = β

with the exponents corresponding to single-particle and single-hole excitation energy.
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Then we turn to two-particle Green’s function for the Goldstone mode detection.
For 2D system, we know spin SU(2) symmetry cannot spontaneously break so that there
should be no magnetism, but magnet susceptibility can be finite at finite temperature
and diverge at β → ∞. According to spin SU(2) symmetry, we define order parameters
Ox,q,Oz,q as below to detect the susceptibility and Goldstone modes

Ox,q ≡
∑
k,m

(
c†

k,m,sck+q,m,−s + c†
k,m,−sck+q,m,s

)
Oz,q ≡

∑
k,m

(
c†

k,m,sck+q,m,s − c†
k,m,−sck+q,m,−s

)
(4.11)

We discuss this part according to q ̸= 0 and q = 0 two cases.

For q ̸= 0, the excitation spectra can be computed by the commutation with Hamil-
tonian H as discussed in Chapter 3, and one can compute the momentum dispersion
as shown in Fig 4.2 where Ox,q,Oz,q excitation spectra are the same as they should be.
Here the blue line represents the lowest 10 c†

k,m1,s1
ck+p,n1,s2 excitations with momentum

p and red line represents single-particle excitations with momentum p. Contrast with
TBG at chiral limit with neutral filling, one can see different p all have almost zero-
energy excitations (Fig 4.2(b)). This result comes from λm,n(k + p, k + p+ q +G) ≈
λm,n(k, k + q +G), which is the result we only fold one band to form moiré flat band
and wavefunctions of this band are very similar at small moiré dispersion region.
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Figure 4.2: (a) Excitation spectra of Γ valley TTMD 1.2◦ twisted WS2 where red
lines label single-particle excitations and blue lines label two-particle charge-neutral
excitations. (b) Zoom in for the two lowest lines in (a) where a soft Goldstone mode
can be observed.

When q = 0, one can check [Ox,0,H ] = [Oz,0,H ] = 0 so that there is no imaginary-
time decay for Ox,0,Oz,0 excitation. By noticing commutation relation

[
Ox,0, ∆†] =

−Oz,0 = N̂−s − N̂s, we can normalize stateOx,0
(
∆†)n ∣∣ψF ull

−s

〉
= n(2N −n+ 1)

(
∆†)n−1 ∣∣ψF ull

−s

〉
+(

∆†)n+1 ∣∣ψF ull
−s

〉
. That will beOx,0 |ψn⟩ =

√
n(2N − n+ 1) |ψn−1⟩+

√
(n+ 1)(2N − n) |ψn+1⟩.

Combine all results above, we can see the excitation defined by Ox,0 at low temperature
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limit should be

⟨Ox,0(t)Ox,0(0)⟩

= ⟨Ox,0(0)Ox,0(0)⟩

=
Tr
(
e−βHOx,0Ox,0

)
Tr (e−βH)

lim
β→∞
=

1
2N + 1

∑
n

⟨ψn|Ox,0Ox,0|ψn⟩

=
2

2N + 1
∑

n

n(2N − n+ 1)

=
2N(2N + 2)

3 (4.12)

At the same time, ⟨Oz,0(t)Oz,0(0)⟩ at low temperature limit can also be easily calculated

⟨Oz,0(t)Oz,0(0)⟩

= ⟨Oz,0(0)Oz,0(0)⟩

=
Tr
(
e−βHOz,0Oz,0

)
Tr (e−βH)

lim
β→∞
=

1
2N + 1

∑
n

(2N − 2n)2

=
2N(2N + 2)

3 (4.13)

One can see ⟨Ox,0(t)Ox,0(0)⟩ = ⟨Oz,0(t)Oz,0(0)⟩ and both do not decay with t, which
should be a natural result from SU(2) symmetry.

4.2.2 K valley twisted double layer MoTe2

We consider twisted double layer MoTe2 model as the example of K valley. Here the
starting point is the quadratic dispersion with a C3 moiré potential at valley + [172,
173].

H+(k, r) =

−ℏ2(k−Kb)
2

2m∗ + ∆b(r) ∆T (r)

∆†
T (r) −ℏ2(k−Kt)

2

2m∗ + ∆t(r)


∆l(r) = 2wz

∑
j=1,3,5

cos (Gj · r+ lψ), l ∈ {b, t} = {+1, −1}

∆T (r) = w
(

1 + e−iG2·r + e−iG3·r
)

(4.14)

Here, we use the same Gj as the TBG case in Chapter 3. Subscript t, b are used
to identify top and bottom layer MoTe2. Contrast to TBG case, there is no sublattice
label and the dispersion becomes quadratic. We take parameters

(
ℏ2

2m∗a2
0
, wz,w,ψ, θ

)
=

(495meV , 8meV , −8.5meV , −89.6◦, 1.2◦). After Fourier transformation, the energy
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dispersion is plotted as Fig 4.1(b).

Next, we project Coulomb interaction on the top-most two bands and assume flat
band limit at half filling. The Hamiltonian now is

H =
1

2Ω

∑
q,G

V (q+G)δρq+Gδρ−q−G

δρq+G =
∑

k,m,n,τ
λτ ;m,n(k, k+ q+G)

(
c†

k,m,τ ck+q,n,τ − 1
2δq,0δm,n

)
= δρ†

−q−G

(4.15)

By noticing a particle-hole symmetry, we can rewrite particle operator at valley −τ as
hole operator

δρ−τ ;q+G =
∑

k,m,n
λ−τ ;m,n(k, k+ q+G)

(
c†

k,m,−τ ck+q,n,−τ − 1
2δq,0δm,n

)

= −
∑

k,m,n
λτ ;n,m(k, k+ q+G)

(
c−k,n,−τ c

†
−k−q,m,−τ − 1

2δq,0δm,n

)

= −
∑

k,m,n
λτ ;n,m(k, k+ q+G)

(
c̃†

k,n,−τ c̃k+q,m,−τ − 1
2δq,0δm,n

)
(4.16)

Here we redefine c̃†
k,n,−τ = c−k,n,−τ so that

δρq+G =
∑

k,m,n
λτ ;m,n(k, k+ q+G)

(
c†

k,m,τ ck+q,n,τ − c̃†
k,m,−τ c̃k+q,n,−τ

)
(4.17)

One can see contrast with the case for Γ valley where there is a spin SU(2) symmetry, K
valley degree of freedom forms a valley σz but not σ0 so that there is only a valley Z2 sym-
metry here. From δρq+G =

∑
k,m,n λτ ;m,n(k, k+ q+G)

(
c†

k,m,τ ck+q,n,τ − c̃†
k,m,−τ c̃k+q,n,−τ

)
,

we can easily find these two degenerate zero-energy eigenstates
∣∣ψF ull

τ

〉⊗∣∣ψ̃F ull
−τ

〉
and∣∣∣ψEmpty

τ

〉⊗∣∣∣ψ̃Empty
−τ

〉
. If one translates c̃†

k,n,−τ back to c−k,n,−τ , these are two valley-

polarized (and also spin-polarized because of spin-valley locking) ground states
∣∣ψF ull

τ

〉⊗∣∣∣ψEmpty
−τ

〉
and

∣∣∣ψEmpty
τ

〉⊗∣∣ψF ull
−τ

〉
. One can see the energy for exciting a particle at valley τ on

state
∣∣∣ψEmpty

τ

〉⊗∣∣ψF ull
−τ

〉
is equal to the energy for exciting a particle from empty, which

can be achieved by diagonalizing Hτ in single-particle basis

Hτ =
1

2Ω

∑
q,G

V (q+G)
∑

k,m,n,n′

λτ ;m,n′ (k, k+ q+G)λτ ;n′ ,n(k+ q+G, k)c†
k,m,τ ck,n,τ .

(4.18)
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While excite a particle at valley −τ on state
∣∣ψF ull

τ

〉⊗∣∣∣ψEmpty
−τ

〉
can be achieved by

diagonalizing H−τ

H−τ =
1

2Ω

∑
q,G

V (q+G)
∑

k,m,n,n′

λ−τ ;m,n′ (k, k+ q+G)λ−τ ;n′ ,n(k+ q+G, k)c†
k,m,−τ ck,n,−τ

=
1

2Ω

∑
q,G

V (q+G)
∑

k,m,n,n′

λτ ;n,n′ (k, k+ q+G)λτ ;n′ ,m(k+ q+G, k)c†
−k,m,−τ c−k,n,−τ .

(4.19)

This means single-particle excitation εk,τ ,1 = ε−k,−τ ,1. Besides, one should notice there
is another local C2z rotation symmetry for H+(k, r). This rotation center is at mid-
dle point between Kb and Kt and one should also interchange two layers H+(k, r) =

σxH
+(−k, −r)σx. According to this rotation, λτ ;m,n(k, k + q +G) = λτ ;m,n(−k, −k −

q −G) after choosing a homogenous gauge. Finally, we conclude single particle excita-
tion energy εk,τ ,1 = ε−k,τ ,1 = εk,−τ ,1 = ε−k,−τ ,1 ≡ εk,1. We plot εk,1 εk,2 for different
momentum point k in Fig 4.3(a).
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Figure 4.3: (a) Excitation spectra of K valley TTMD 1.2◦ twisted MoTe2 where
red lines label single-particle excitations and blue lines label two-particle charge-neutral
excitations. (b) Zoom in for the two lowest lines in (a) where a gap can be observed.

Similar with the discussion in Γ valley section, single-particle Green’s function at
low temperature limit is easy to achieve

Gk,1,τ (t) =
〈
ck,1,τ (t)c

†
k,1,τ (0)

〉
=

Tr
(
e−(β−t)Hck,1,τe

−tHc†
k,1,τ

)
Tr (e−βH)

lim
β→∞
=

1
2

[
e−tεk,1

∣∣∣〈c†
k,1,τψ

Empty
τ

∣∣∣ψτ ,k,1
〉∣∣∣2 + e−(β−t)εk,1

∣∣∣〈ψτ ,k,−1

∣∣∣ck,1,sψ
F ull
τ

〉∣∣∣2]
=

1
2e

−tεk,1 +
1
2e

−(β−t)εk,1 (4.20)

One can see even though the symmetry and ground state degeneracy are different, the
form of single-particle Green’s function for K valley is the same with the Γ valley case.
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Different with Γ valley, this Z2 discrete symmetry can be spontaneously broken with
finite temperature fluctuation (e.g., 2D Ising) so that VP (or SP) should be the true
long-range order at finite temperature. And Ox,q,Oz,q defined below will give totally
different results because of lacking SU(2).

Ox,q =
∑
k,m

(
c†

k,m,τ ck+q,m,−τ + c†
k,m,−τ ck+q,m,τ

)
Oz,q =

∑
k,m

(
c†

k,m,τ ck+q,m,τ − c†
k,m,−τ ck+q,m,−τ

)
(4.21)

We also discuss this part according to q = 0 and q ̸= 0 two cases.

For q = 0, [Oz,0, δρq+G] = 0 so that

⟨Oz,0(t)Oz,0(0)⟩

= ⟨Oz,0(0)Oz,0(0)⟩

=
Tr
(
e−βHOz,0Oz,0

)
Tr (e−βH)

lim
β→∞
=

1
2 2(2N)2

= 4N2 (4.22)

This value has N2 power means the spectrum for Oz,q excitation should have zero point
at momentum q = 0 and the absence of Goldstone mode indicates it is gapped elsewhere
for q ̸= 0. While [Ox,0, δρq+G] ̸= 0 and ⟨Ox,0(t)Ox,0(0)⟩ is gapped everywhere and will
decay exponentially with t or β − t.

For q ̸= 0, one can compute the commutation relation with the Hamiltonian and
derive the corresponding excitation spectra as I introduced in Chapter 3. The result
is shown in Fig 4.3. Here the blue line represents the lowest 10 c†

k,m1,τ ck+p,n1,−τ

excitations with momentum p and red line represents single-particle excitations with
momentum p. One can see two-particle charge-neutral excitation is gapped and the gap
is much smaller than single-particle gap.

As the conclusion of this K valley and Γ valley TTMD with half filling two top
valence bands and taking flat band limit discussion, I will list their differences below.

For Γ valley case, there is a spin SU(2) symmetry and ground states are 2N + 1
ferromagnetic spin degenerate states. Single-particle excitation is gapped and there is
no charge-gapless excitation so that it is an insulator. Because of SU(2) continuous
symmetry it has gapless Goldstone mode while it will not form an order at finite tem-
perature.

For K valley case, there is a valley (or spin) Z2 symmetry and ground states are
2 ferromagnetic degenerate states. Single-particle excitation is gapped and there is no
charge-gapless excitation so that it is an insulator. Because of Z2 discrete symmetry it
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has no gapless Goldstone mode. However, the Z2-breaking excitation energy is much
smaller than single-particle gap so that the Ising-ferromagnetic ground state can only be
realized in very low temperature which means this ferromagnetism is not stable under
perturbation.

4.3 Inter-valley attraction and superconductor near
SU(2) limit

Since in the model above, pure Coulomb cannot induce superconductor, we turn to what
universal principles/properties that flat-band moiré superconductors shall obey/exhibit,
by introducing an artificial inter-valley attractive interaction in K valley TTMD and
study its nontrivial consequence. By matching inter-valley attraction strength with
intra-valley repulsion, we find that at the flat band limit, such systems have pair-density
SU(2) symmetry and can be solved exactly. Away from the flat-band limit, although an
exact solution is absent, the model can be simulated via the momentum-space DQMC
as I introduced in Chapter 2 and Chapter 3 without suffering the sign problem at any
fillings, with a similar reason of attractive Hubbard model [174–178]. By combining
exact analytic solution and momentum-space DQMC, we show that moiré flat-band su-
perconductors exhibit a rich phase diagram, in sharply contrast to conventional BCS
superconductors. As shown in Fig 4.4(a-b), at the temperature above the superconduct-
ing dome, the system doesn’t directly transform into a Fermi liquid. Instead, it first
turns into a super-compressible bosonic fluid (SCBF) phase, where fermionic excitations
are fully gapped but the compressibility is high and increases/diverges upon cooling.
This physics is analogy to the flat-band attractive Hubbard model [179, 180], but also
with clear differences. In the flat-band Hubbard model, the same type of physics only
arises when the interactions are strictly on-site, and non-onsite interactions, such as
nearest-neighbor, quickly leads to other physics, e.g., phase separation [180]. In con-
trast, for moiré flat bands, our studies indicate that the exactly solution and related
phenomena are extremely robust and fully insensitive to such microscopic details. No
matter the interaction is short-range or longe-range and no matter spin-orbit coupling
is weak (e.g. TBG) or strong (TTMD), our exact solution and all qualitative features
remain the same. This robustness is of crucial important for experimental study of
moiré lattices, where on-site interaction are not expected to be dominant and spin-orbit
effect may or may not be strong depending on the materials. As one further increases
the temperature, this bosonic fluid gives its way to a pseudogap (PG) phase, where
fermion states start to emerge inside the gap and gradually fill it up upon increasing the
temperature. These nontrivial sequence of phase transitions/crossovers arise at filling
range larger than superconducting dome and survive to temperature much higher than
the superconducting transition Tc.

The bosonic fluid phase can be viewed as a liquid of Cooper pairs, where although
the Cooper pairs have fully formed, (quasi)-long-range phase coherence has not yet been
developed due to strong fluctuations. Experimentally, key signature of this phase is
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Figure 4.4: DQMC simulations of the flat-band limit (left column) and away from
the flat-band limit (right column). The bandwidths of non-interacting band structures
are set to 0 and 0.8meV respectively. (a-b) Phase diagrams. In the flat-band limit (a),
a finite chemical potential drives the system into a trivial insulator with either empty
(µ ≪ 0) or complete filled (µ ≫ 0) bands. In (b), the yellow/purple region is the
pseudogap (PG)/ super-compressible bosonic fluid (SCBF) phase, and the blue region
marks the superconducting (SC) dome. (c-d) Density of states for a 9 × 9 system at
µ = 0. The Cooper gap survives above the superconducting transition temperature
and turns into a pseudogap above T ∼ 0.3 for both flat-band limit (c) and finite band
dispersion (d). The single-particle spectrum is almost determined by the strength of
interaction since the band dispersion is small. (e-f) Critical scaling of P ×Lη versus T
with BKT anomalous dimension η = 1/4. The crossing point of different system sizes
(L = 6, 7, 8, 9) marks the superconducting transition temperature: Tc ∼ 0 in (e) and
∼ 0.13 in (f). (g-h) Inverse of compressibility κ for L = 6, 7, 8, 9 at µ = 0. At low
temperature, diverged compressibility κ in (g) converges in superconducting phase as
shown in (h). These figures come from Ref [7].
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a large single-particle gap around the Fermi energy, combined with a high/diverging
compressibility. The pseudogap phase is a partially melted boson liquid, where thermal
fluctuations start to tear apart some Cooper pairs , feeding single fermion spectral weight
into the energy gap.

Simulations and analytic theory also indicate that the crossover temperatures be-
tween normal fluid and the pseudogap phase (or between the pseudogap and the bosonic
fluid phases) are dictated by the energy scale of the inter-valley attractions, and is nearly
independent of filling levels or flat-band band width. In contrast, the superconducting
transition temperature depends strongly on the bandwidth of the flat band, as well as
filling fractions. In the DQMC simulations, a superconducting dome is observed, quali-
tatively consistent with the experimental observations in TBG and TTMD systems with
chemical potential partially filling all flat bands [53, 181–183].

To begin our discussion, we consider a generic system with two valleys, labeled by
the valley index τ and −τ . In the flat-band limit, kinetic energy can be dropped once
other bands are projected out. For interactions, we define it in the momentum space as

HI =
1

2Ω

∑
q,G

V (q+G)δρq+Gδρ−q−G, (4.23)

We set the interaction strength V (q+G) to be an arbitrary positive function (e.g., the
same screened Coulomb repulsion used in Chapter 3) and δρq+G is the density difference
between two valleys

δρq+G = ρτ ;q+G − ρ−τ ;q+G. (4.24)

where ρτ and ρ−τ are the fermion density from the two valleys. In band basis, δρ can
be projected to the flat band

δρq+G =
∑

k,m,n
[λτ ;m,n(k, k+ q+G)c†

k,m,τ ck+q,n,τ

− λ−τ ;m,n(k, k+ q+G)c†
k,m,−τ ck+q,n,−τ ] (4.25)

This interaction contains inter-valley attraction and intra-valley repulsion with the same
strength V , and this is how inter-valley attractions are introduced in our model. With
this interaction, this model is exactly solvable in the flat-band limit, while away from
the exactly-solvable limit (i.e. with finite band width and chemical potential), it can be
simulated via DQMC without sign problem.

Here we introduce the exact solution result. The idea is the same as the SU(2) and
raising operator trick for Green’s function in last Γ valley TTMD section. After dropping
the trivial kinetic energy, the flat-band limit of our Hamiltonian is reduced to H = HI ,
which can be solved according to an emergent SU(2) symmetry with generators

σx = ∆ + ∆†,σy = i(∆ − ∆†),σz = N̂p −Nd, (4.26)
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where ∆† =
∑

k,m c†
k,m,τ c

†
−k,m,−τ and ∆ =

∑
k,m c−k,m,−τ ck,m,τ creates/annihilates one

inter-valley Cooper pair and N̂p is the particle number operator of flat bands. The
constant Nd is the max electron number that these flat bands can host in one valley. It
is easy to verify that these three operators obey the su(2) algebra [σi,σj ] = 2iϵijkσk and
they all commute with δρ and HI , [σi,HI ] = 0. In other words, these three operators
generate an SU(2) symmetry group.

Because our Hamiltonian is semi-positive definite, two obvious zero-energy ground
states can be immediately identified: the empty and fully filled states labeled by |ψ0⟩
and

∣∣ψ2Nd

〉
, where δρ |ψ0⟩ = δρ

∣∣ψ2Nd

〉
= 0. In terms of the SU(2) symmetry group,

these two states are fully polarized states of the σz operator, known as the highest weight
states, where the eigenvalues of σz reach the highest/lowest possible values ±Nd. Due
to the SU(2) symmetry, any SU(2) rotation of these two ground states must also be a
degenerate ground state. Here, we use ∆† and ∆ as raising and lowering operators of the
su(2) algebra, and generate all the normalized degenerate ground states from the empty
state |0⟩ ≡ |ψ0⟩

|ψ2n⟩ ≡

√
(Nd − n)!
n!(Nd)!

(∆†)n |0⟩ , (4.27)

where 0 ≤ n ≤ Nd and |ψ2n⟩ is the degenerate ground state with 2n fermions. Another
way to understand these degenerate ground states is to realize [HI , ∆†] = 0 implies that
it costs no energy to create a Cooper pair. Thus, we can introduce arbitrary number
of Cooper pairs to the empty state, and obtain a degenerate ground state |ψ2n⟩ with
n Cooper pairs. It is worthwhile to highlight that the BCS wavefunction ψBCS =
1
N exp( v

u ∆†) |0⟩ is also an exact ground state of this model. But this state is nothing
special and just one of Nd + 1 degenerate ground states. The BCS wavefunction may
not be favored when kinetic term and chemical potential is introduced, since chemical
potential term will favor a certain filling but not mixing states with different particle
number.

In the exact solution, single-particle and Cooper pair Green’s function can be com-
puted by noticing |ψ2n⟩ =

√
(Nd−n)!

n!Nd! (∆†)n |0⟩,
∣∣ψ2n+1,k,τ

〉
=
√

(Nd−n−1)!
n!(Nd−1)! (∆

†)nc†
k,τ |0⟩,

and c†
k,τ |ψ2n⟩ =

√
Nd−n

Nd

∣∣ψ2n+1,k,τ
〉
, ck,τ |ψ2n⟩ =

√
n

Nd

∣∣ψ2n−1,−k,−τ

〉
, and ∆† |ψ2n⟩ =√

(Nd − n)(n+ 1) |ψ2n+2⟩. Here |ψ2n⟩ and
∣∣ψ2n±1,k,τ

〉
are normalized eigenstates with

2n and 2n ± 1 electrons. According to those normalization relations, we can derive
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single-particle Green’s function at zero temperature limit

Gk,τ (t) =
Tr(e−(β−t)HI ck,τe

−tHI c†
k,τ )

Tr(e−βHI )
lim

β→∞
=

1
Nd + 1 [

Nd−1∑
n=0

e−tεk,τ
∣∣∣〈c†

k,τψ2n|ψ2n+1,k,τ
〉∣∣∣2

+

Nd∑
n=1

e−(β−t)εk,τ
∣∣〈ψ2n−1,−k,−τ |ck,τψ2n

〉∣∣2]
=

1
2

[
e−tεk,τ + e−(β−t)εk,τ

]
. (4.28)

Besides, we can also exactly derive Green’s function of Cooper pair excitation at zero
temperature.

〈
∆(t)∆†(0)

〉
=

Tr(e−(β−t)HI ∆e−tHI ∆†)

Tr(e−βHI )
lim

β→∞
=

1
Nd + 1

Nd−1∑
n=0

∣∣∣〈∆†ψ2n|ψ2n+2
〉∣∣∣2

=
Nd(Nd + 2)

6 . (4.29)

Since pairing correlation function P is defined as P = 1
2N2

d

〈
∆∆† + ∆†∆

〉
, we actually

achieve P at zero temperature. It is also worthwhile to point out that in the thermody-
namic limit, this N2

d scaling diverges faster than the system size, indicating an instability
towards superconductivity at T = 0.

According to SU(2) symmetry ⟨σ2
z⟩ = ⟨σ2

x⟩, there should be a relation linking
density fluctuation with Cooper pair correlation ⟨N̂2

p ⟩ − ⟨N̂p⟩2 = 2⟨∆∆†⟩ when there
is no kinetic term in our Hamiltonian. One can also prove this formula explicitly in
DQMC’s setting.

Remember B̂t,τ
({
l|q|,t

})
is a unitary operator for any configuration

{
l|q|,t

}
. In

single-particle basis, we write the matrix form of
∏

t B̂t,τ
({
l|q|,t

})
as U = eM1eM2 · · · eMn .

According to DQMC’s formula, Green’s function for this configuration is defined as

Gi,j(τ ) =
Tr
[
ci,τ c

†
j,τ
∏

t B̂t,τ
({
l|q|,t

})]
Tr
[∏

t B̂t,τ
({
l|q|,t

})] = [(I + U)−1]i,j (4.30)

By noticing G(τ ) +G†(τ ) = (I +U)−1 + (I +U−1)−1 = (I +U)−1 +U(I +U)−1 = I,
we have Gi,j(τ ) +G∗

j,i(τ ) = δi,j . To confirm ⟨N̂2
p ⟩ − ⟨N̂p⟩2 = 2⟨∆∆†⟩, one can write the
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observable at given configuration field l ⟨N̂2
p ⟩l and ⟨∆∆†⟩l as

⟨∆∆†⟩l = ⟨
∑

k1,m1

c−k1,m1,−τ ck1,m1,τ
∑

k2,m2

c†
k2,m2,τ c

†
−k2,m2,−τ ⟩l

=
∑

k1,m1

∑
k2,m2

⟨c−k1,m1,−τ c
†
−k2,m2,−τ ⟩l⟨ck1,m1,τ c

†
k2,m2,τ ⟩l

=
∑

k1,m1

∑
k2,m2

∣∣Gk1m1,k2m2

∣∣2 , (4.31)

⟨N̂2
p ⟩l = ⟨

∑
k1,m1,τ1

c†
k1,m1,τ1

ck1,m1,τ1

∑
k2,m2,τ2

c†
k2,m2,τ2

ck2,m2,τ2⟩l

=
∑

k1,m1,τ1

∑
k2,m2,τ2

⟨c†
k1,m1,τ1

ck1,m1,τ1⟩l⟨c†
k2,m2,τ2

ck2,m2,τ2⟩l

+ ⟨c†
k1,m1,τ1

ck2,m2,τ2⟩l⟨ck1,m1,τ1c
†
k2,m2,τ2

⟩l

=

 ∑
k1,m1

2 −
[
Gk1,m1(τ ) +G∗

k1,m1(τ )
]2

+
∑

k1,m1

∑
k2,m2

∑
τ

[
δk1,k2δm1,m2 −Gk2m2,k1m1(τ )

]
Gk1m1,k2m2(τ )

= N2
d + 2

∑
k1,m1

∑
k2,m2

∣∣Gk1m1,k2m2

∣∣2
= N2

d + 2
〈

∆∆†
〉

l
. (4.32)

Since we can also easily see ⟨N̂p⟩ = Nd (average particle filling should be half), after
averaging all configurations, one will derive ⟨N̂2

p ⟩ − ⟨N̂p⟩2 = 2⟨∆∆†⟩. Because supercon-
ductivity fluctuations diverge as ∝ N2

d at T = 0, particle-number fluctuations must also
diverge as ∝ N2

d . This scaling violates one fundamental assumption of statistical physics,
the central limit theorem, which requires square fluctuations to scale linearly with system
sizes. Such violation is a consequence of the infinite ground-state degeneracy. From the
fluctuation-dissipation theorem, this divergence in particle-number fluctuations implies
a diverging compressibility at low T : κ = 1

Nd

d⟨N̂p⟩
dµ = β

⟨N̂2
p ⟩−⟨N̂p⟩2

Nd
= 2β

Nd

〈
∆∆†〉. When

temperature is reduced, κ increases. In the low temperature limit, because
〈
∆∆†〉 ∝ N2

d ,
κ diverges as κ ∝ βNd. This divergence is also seen in DQMC simulations in Fig 4.4(g).

Next, we would like to derive two-fermion charge-2e excitations. For p ̸= 0,
it is easy to check

〈
0
∣∣∣∆nc−k2−p,−τ ck2,τ c

†
k1,τ c

†
−k1−p,−τ (∆

†)n
∣∣∣ 0〉 = δk1,k2A as well as〈

0
∣∣∣∆nc†

k2+p,τ ck2,τ c
†
k1,τ ck1+p,τ (∆†)n

∣∣∣ 0〉 = δk1,k2A where A is a normalization constant.
This means two-fermion excitations on a given ground state c†

k1,τ c
†
−k1−p,−τ (∆

†)n |0⟩ or
c†

k1,τ ck1+p,τ (∆†)n |0⟩ are orthogonal so that they can be seen as well-defined basis. Ac-
cording to SU(2) symmetry, they should have the same excitation spectrum. By using
the formula introduced for TBG in Chapter 3, one can compute the single-particle and
two-particle excitation spectra in Fig 4.5. As shown by red line in Fig 4.5, single-particle
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excitation is fully gapped and independent with inter-valley interaction (no matter re-
pulsion or attraction). For repulsive interactions, the gap is an insulating gap without
other charged excitation inside [99, 118, 119, 121, 124]. In our model, this gap is the
Cooper gap, i.e., the energy cost to break a Cooper pair. The Cooper gap scales linearly
with interaction energy V and there are continuous charged excitations within the gap
as the blue line in Fig 4.5. Thus, at low temperature T ≪ V , all electrons are paired
into Cooper pairs, i.e., the system is a fluid of Cooper pairs without unpaired fermions.

M K2

0

1

2

3

4

(

(

Figure 4.5: Excitation spectrum for inter-valley attractive model where the system
size is 12 × 12. Red line and blue lines are used to label single-particle excitation and
charge-2e excitation along high symmetry lines. This figure comes from Ref [7].

Despite the finite Cooper gap and diverging superconducting correlation function,
Cooper pairs in this boson fluid don’t lead to superconduct at any finite temperature.
This is because the superconducting order parameter is part of a SU(2) generator.
Therefore, a superconducting state would spontaneously break the SU(2) symmetry,
instead of just the U(1) charge symmetry. In other words, the symmetry breaking
pattern here is in the Heisenberg universality class, instead of XY. For 2D systems at
finite T , it has long been known that thermal fluctuations will destroy any order that
spontaneously breaks an SU(2) symmetry (i.e., there is no finite temperature order
for Heisenberg spins in 2D). Thus, although Cooper pairs have formed at T ∼ V , long-
range or quasi-long range phase coherence cannot be developed at any finite temperature.
This conclusion is verified in DQMC simulations, where we observe a fully-developed
Cooper gap at finite T , but the phase coherence remains disordered even down to lowest
accessible temperature (Fig 4.4(a,c,e,g)).

In DQMC, we simulated both Hamiltonian without and with band dispersion. With
the imaginary-time correlation functions obtained in DQMC, we further employ the SAC
method (see Appendix D) to extract the real-frequency spectra [184–194]. In Fig 4.4(c-
d), we plot the fermion DOS at different temperature for a 9 × 9 system. At T < 0.3, a
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full gap is observed, which is the Cooper gap discussed above. For 0.3 < T < 0.8, fermion
spectral weight start to emerge inside the gap, i.e., a pseudogap (PG) is formed. Defining
P = 1

2N2
d

〈
∆∆† + ∆†∆

〉
, we also try to determine the superconducting phase transition

temperature Tc by probing the onset of quasi-long range order. This is achieved via data
cross of P × Lη versus T as shown in Fig 4.4(e-f) with the 2D XY critical anomalous
dimension exponent η = 1

4 [178, 195–197], using P = L−ηf(L · exp(− A
(T −Tc)1/2 )) (see

Appendix B). In Fig 4.4(e) for the case of flat band limit, the cross point is indeed
approaching Tc → 0, confirming the absence of finite temperature phase transition, in
full agreement with the exact solution. Besides, one can also check the superfluid density
criterion [198–200] by computing current-current correlation by noticing jα(q) = [HI ,nq ]

qα

where α indicates the direction of the current and nq = ρτ ;q + ρ−τ ;q.

⟨jα(q, t)jα(−q, 0)⟩

=
Tr(e−(β−t)HI [HI ,nq ]e−tHI [HI ,n−q ])

− Tr(e−βHI )qαqα

lim
β→∞
=

∑
g,m⟨g|nqHI |m⟩⟨m|e−tHIHIn−q|g⟩∑

g qαqα
+

∑
g,m⟨m|e−(β−t)HIHInq|g⟩⟨g|n−qHI |m⟩∑

g qαqα

lim
q→0
≈

(
ϵq
qα

)2
(∑

g⟨g|nq|q⟩⟨q|n−q|g⟩∑
g 1 +

∑
g⟨−q|nq|g⟩⟨g|n−q| − q⟩∑

g 1

)
(4.33)

Here we use g to label all the degenerate ground states and in the last line we only take
the state with the minimum excitation energy ϵq and with finite momentum q,−q from
the summation over m. Since the dispersion of ferromagnetic-like spectrum is quadratic
with slope equal to zero, ϵq

qα
= 0 tells us the superfluid density has to be zero.

With the exactly solvable limit understood, a kinetic energy term with finite (but
small) bandwidth is introduced, which explicitly breaks the SU(2) symmetry. Here,
again, the band width we take is near 0.8meV . Same qualitative features are expected
for other more complicated setups, such as TBGs. Without the SU(2) symmetry, a BKT
superconducting phase becomes allowed, and in DQMC simulations, we indeed observe
a superconducting dome with chemical potential partially filling flat bands, in analogy
to experiments reported in TBGs. Above the superconducting dome, the pseudogap and
SCBF phases remain. Because the band width is still smaller than interaction energy
scale, the temperature scales for the pseudogap and SCBF phases, which are dominated
by interactions, are almost invariant for different band fillings, consistent with the STM
experiment in TBG between different integer fillings [51]. Another observation in TBG
experiment is dµ/dn reduces towards 0 at superconducting doping [158], which implies
a large compressibility κ. This is also seen in our simulation results Fig 4.4(g-h).

4.4 Further discussion

Except for those Mott insulator phase and possible superconductor phase, there is an-
other amazing strong correlating feature, fractional quantum anomalous Hall (FQAH),
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observed in both TTMD and multilayer graphene recently [167–170, 201, 202]. Up to
date, theories predict there is emerged flat bands and repulsive interaction projected
on it forces fractional filling to favor FQAH state [173, 203–224]. Charge density wave
(CDW) order is also a possible candidate in this case, and some discussions on the in-
fluence of remote non-flat bands indicate the two-particle charge-neutral roton mode is
necessary for understanding of CDW and FQAH [220, 221, 225–232]. Other discussions
about the effect of quantum metric give a guiding principle for finding a FQAH state.
However, for now, a specific identifying rule is still absent for a given system before one
makes his hands dirty to solves it numerically or conducts an experiment.
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Chapter 5

Landau level with moiré
potential

5.1 Landau level basis of Dirac fermion in magnetic
field

Besides electric field, another convenient and frequently-used tuning method for 2D
materials is magnetic field. I have introduced a recently developed fancy way that
twisting layers inducing flat band in Chapter 3 and Chapter 4. Actually before this
recent development, there is a more traditional way that using strong magnetic field for
realizing flat bands. As one has learned from quantum mechanics textbooks, free electron
gas with quadratic momentum dispersion p2

2m will form Landau level after introducing
a magnetic field and replacing p by p+ eA. I will not review this part and just give the
Landau level eigen energy result for free electron gas as

En = (n+
1
2 )

h̄eB

m
. (5.1)

Here n = 0, 1, 2, . . . labels different Landau level and B = |∇ ×A| is the strength of the
magnetic field. One can see for a given Landau level, the energy is linearly dependent
on the strength of the magnetic field. The Landau level for linear momentum dispersion
vFσ · p (where vF is the Fermi velocity and σ is Dirac matrix) also has an exact solution
and the Landau level there has a square root dependence on magnetic field

En = ±vF

√
2n h̄eB. (5.2)

Since I will consider 2D material graphene and its family with moiré potential in this
chapter later, I will introduce the derivation of this Dirac fermion Landau level below
in detail as the beginning of this chapter [160, 233–239]. The Hamiltonian with a Dirac
dispersion is written as

vFσ · p |ψ⟩ = ϵ |ψ⟩ . (5.3)
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When introducing magnetic field, we take Landau gauge and have A = (0,Bx, 0),
p+ eA = (−i h̄∂x, −i h̄∂y + eBx, 0). By defining mechanical momentum π = p+ eA,
we can write the Hamiltonian in 2 × 2 matrix form

vF

(
0 πx − iπy

πx + iπy 0

)(
ψ1
ψ2

)
= ϵ

(
ψ1
ψ2

)
. (5.4)

Let’s define the operator L− = πx − iπy and L+ = πx + iπy. One can see the matrix
form above is equal to solving two equations{

vFL
−ψ2 = ϵψ1

vFL
+ψ1 = ϵψ2

. (5.5)

This can be solved by applying operator L± again and decoupling two components

L+L−ψ2 =

(
ϵ

vF

)2
ψ2

L−L+ψ1 =

(
ϵ

vF

)2
ψ1. (5.6)

Noticing the commutation relation

[
L−,L+

]
= 2i [πx,πy ] = 2 h̄eB, (5.7)

One can define bosonic operators by dividing L± with
√

2 h̄eB

a† =
L+

√
2 h̄eB

a =
L−

√
2 h̄eB

. (5.8)

By noticing the bosonic vacuum ψ2,0 should be one of the eigenstates with zero energy,
one can apply a† on it n times to derive all the eigenstates with

2n h̄eB =

(
ϵ

vF

)2
. (5.9)

Here n = 0, 1, 2, . . .. The solution for ϵ is

ϵ = ±vF

√
2n h̄eB. (5.10)

Now we are trying to derive the corresponding wavefunctions. Notice we require aψ2,0 =

0 so that explicitly we have

(−i h̄∂x − i (−i h̄∂y + eBx))ψ2,0 = 0 (5.11)
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It is easy to solve the y component wavefunction eikyy with eigenvalue ky and the
equation for the left x component will be(

∂x +

(
ky +

eBx

h̄

))
ψ2,0(x) = 0 (5.12)

This can be solved easily

ψ2,0(x) = Ce− 1
2

eB
h̄ x2−kyx =

(
eB

π h̄

) 1
4
e

− 1
2

eB
h̄

(
x+

ky h̄

eB

)2

(5.13)

Here the constant
(

eB
π h̄

) 1
4 is used to normalize the wavefunction. Other eigenstates can

be derived by ψ2,n = 1√
n!

(
a†)n ψ2,0

ψ2,n(x) =

(√
h̄

2eB

)n
(−i)n

√
n!

(
∂x −

(
ky +

eBx

h̄

))n

ψ2,0(x) (5.14)

By defining z =
√

eB
h̄

(
x+

ky h̄
eB

)
, we have

ψ2,n(z) =

(
eB

π h̄

) 1
4 (−i)n

√
2nn!

(∂z − z)n e− 1
2 z2

=

(
eB

π h̄

) 1
4 in√

2nn!
e− 1

2 z2
Hn(z). (5.15)

Here Hn(z) is Hermite polynomial. One may notice this solution just has an additional
phase in compared with general Hermite functions which seems contribute nothing. But
one will see this will be the phase difference between ψ1 and ψ2 as vFL

−ψ2 = ϵψ1

ϵnψ1,n = vF

√
2 h̄eBaψ2,n = vF

√
2n h̄eBψ2,n−1 (5.16)

Then the two components solution will be

ψn =

(
ψ1,n
ψ2,n

)
=

(
ψ2,n−1
ψ2,n

)
= Cne

ikyy

(
−iϕn−1(z)

ϕn(z)

)
(5.17)

Here n ≥ 0, ϵn ≥ 0 and ψ1,0 = 0. Cn is the normalization constant which is 1/
√

2 for
n ̸= 0 and 1 for n = 0. ϕn(z) is the normal Hermite functions without the additional
phase in. While for n < 0, one notices the wavefunction will be the same as |n| so that

ϵnψ1,n = vF

√
2 h̄eBaψ2,|n| = vF

√
2|n| h̄eBψ2,|n|−1

ψn =

(
−ψ2,|n|−1
ψ2,|n|

)
= Cne

ikyy

(
iϕ|n|−1(z)

ϕ|n|(z)

)
(5.18)

In summary, we have wave function for all possible n = 0, ±1, ±2, . . .

ψn = Cne
ikyy

(−i sgn(n)ϕ|n|−1(z)

ϕ|n|(z)

)
. (5.19)
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For the other valley (transforming with the inversion and exchanging sublattices) the
basis is similar. One just needs to exchange sublattices and give a minus sign before i
(which comes from inversion z → −z).

ψ′
n = Cne

ikyy

(
ϕ|n|(z)

i sgn(n)ϕ|n|−1(z)

)
(5.20)

Now, we have all the primitive components which can already be used to describe
graphene electrons in magnetic field. One can see the system is degenerate over dif-
ferent choosing of ky so that for each Landau level the system is also highly degenerate
with tuning ky (just as the flat band induced by moiré potential). One interesting fea-
ture for those degenerate bands is under periodic lattice potential, they will form fractal
structures [160, 234–239] (also known as Hofstadter’s butterfly). And this periodic lat-
tice potential can just be realized by moiré potential naturally. In the next section, I
will introduce the analytical process for computing this fractal energy spectrum which
is directly corresponding to the moiré graphene electrons in the strong magnetic field.

5.2 Hofstadter’s butterfly in super-Moiré of graphene

Hofstadter’s butterfly is originally introduced in lattice tight binding model with mag-
netic field by Peierls substitution [240]. However, it requires the lattice constant up to
several tens of nanometer (which is impossible for natural atom distance) to observe
within affordable magnetic field (several Tesla). The recently developed moiré system
makes this huge unit cell possible but the periodicity can be poor for a small twist angle.
In this section, I would like to propose another way to enlarge the moiré unit cell that
use two moiré potential to form a moiré super cell (i.e., super-moiré) and study the
electromagnetic response there.

For graphene with moiré potential, one can write either a tight binding model or a
continuous model. There has been shown that the tight binding model with Peierls phase
has the similar energy spectrum with transforming the continuous model to Landau level
basis and diagonalizing it [235]. And there is also other methods by constructing the
model with open momentum space with a boundary cutoff [239]. To avoid the possible
Wannier obstruction of writing a tight binding model and cutoff edge states, I will take
continuous model in the Landau level basis method below and introduce how it can be
used to solve the super-moiré lattice potential graphene system in magnetic field [160,
234–237].

Here we consider the super-moiré lattice formed by matching two twist angles. One
is the twist angle between graphene and the nearly aligned hbn and the other is the
electric potential from twisted hbn substrate [241, 242]. The schematic is shown in
Fig 5.1 where the dashed lines label x and y axis from aligned hbn, the blue arrows label
the reciprocal vectors from graphene/hbn moiré, the orange arrow labels the reciprocal
vector from twisted hbn/hbn and the yellow arrows label the super-moiré reciprocal
vectors. When fixing graphene/hbn moiré Gi and tuning hbn/hbn moiré G′

i, one can
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see the length of vector G′
i will increase linearly with twist angle at small twist case. If

one wants to realize super-moiré, the final reciprocal vectors gi should match with Gi

and G′
i (i.e., Both Gi and G′

i can be written as the linear combination of gi).

Figure 5.1: Schematic plot of deriving super-moiré reciprocal vectors. Dashed lines
label x and y axis from aligned hbn, the blue arrows label the reciprocal vectors from
graphene/hbn moiré, the orange arrow labels the reciprocal vector from twisted hbn/hbn
and the yellow arrows label the super-moiré reciprocal vectors.

Here, we assume graphene with lattice constant ag ≈ 0.244nm has a ∼ 0.378◦ twist
relative to aligned hbn which gives the moiré lattice constant Lg/h ≈ 12.943nm, moiré
pattern rotation angle ϕ ≈ 20.1◦ [241] and reciprocal vector G0 = |Gi| = 4π√

3Lg/h
≈

0.56nm−1. The triangular relationships give
sin(60◦)

G′
0

= sin(30◦−ϕ+θ)
g0

cos(30◦ − ϕ+ θ) =
G′

0
2+3G2

0−g2
0

2
√

3G0G′
0

(5.21)

Here G′
0 = |G′

i| =
4π√

3Lh/h
≈ 4πθ√

3ahbn
is the moiré reciprocal vector length from twisted

hbn with twist angle θ and lattice constant ahbn ≈ 0.2504nm. Solve the equations
and the solution gives θ ≈ 1.016◦, G′

0 ≈ 0.5137nm−1, g0 ≈ 0.1126nm−1 ≈ G0
5 ,Ls ≈

64.63nm. This means with this group of parameters, super-moiré unit cell is composed
of 5 × 5 graphene/hbn moiré unit cells.

Then we define the coordinate in our computation according to super-moiré recip-
rocal vector gi, where g0 = 4π√

3Ls
and

[g1, g2, g3, g4, g5, g6] = g0

[(
0
1

)
,
(

−
√

3
2

1
2

)
,
(

−
√

3
2

−1
2

)
,
(

0
−1

)
,
(√

3
2

−1
2

)
,
(√

3
2
1
2

)]
. (5.22)
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It is easy to derive Gi and G′
i respectively

[G1,G2,G3,G4,G5,G6] = 5 [g1, g2, g3, g4, g5, g6][
G′

1,G′
2,G′

3,G′
4,G′

5,G′
6
]

= [5g6 + g4, 5g1 + g5, 5g2 + g6, 5g3 + g1, 5g4 + g2, 5g5 + g3] .

(5.23)

According to [243–245], the electric potential from twist hbn is written as

V (r, z) = sgn(z)P0
√

3
9ϵ0

e−G′|z|
∑

j=1,3,5
cos
(
G′

j · r− π

2

)
. (5.24)

Here z is the distance between the graphene plane and the twisted hbn plane and r labels
position in 2D graphene plane. The magnitude of V (r, z) is about 0 ∼ 200meV . Since z
should be fixed in experiment, we set V (r+ δR) = Vh/h

∑
j=1,3,5 cos

(
G′

j · (r+ δR) − π
2

)
and Vh/h ⩽ 200meV where constant vector δR indicates the displacement from hbn/hbn
AA stacking center. Use Fourier transformation to rewrite this potential in momentum
space with plane wave basis

Hh/h =
1
S

∫
drV (r+ δR)c†(r)c(r)

=
Vh/h

2NS

∫
dr

 ∑
j=1,3,5

e
i
(

G′
j ·(r+δR)− π

2

)
+ e

−i
(

G′
j ·(r+δR)− π

2

) ∑
k1,k2

eik1·r−ik2·rc†
k1
ck2

=
∑

k

V (k) (5.25)

Here S and N are area and amount of moiré unit cells, the integral of r covers whole
real space and V (k) =

Vh/h
2
∑

j=1,3,5 e
i
(

G′
j ·δR− π

2

)
c†

kck+G′
j
+ e

−i
(

G′
j ·δR− π

2

)
c†

kck−G′
j
. One

can see δR only changes a gauge phase and we can just replace ei
(

G′
j ·δR

)
ck+G′

j
by ck+G′

j

to remove it.

Next I will introduce how to compute the effective graphene/hbn Hamiltonian
Hg/hbn based on [235, 242]. I assume the bare graphene and hbn Hamiltonian is Hg and
Hhbn and the tunneling is described by U .

Hg/hbn =

(
Hg U †

U Hhbn

)

U =

(
uN uB

uN uB

)
+

(
uN e−i 2π

3 uB

ei 2π
3 uN uB

)
eiG5·r +

(
uN ei 2π

3 uB

e−i 2π
3 uN uB

)
eiG6·r

Hhbn =

(
VN 0
0 VB

)
(5.26)
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Here we take tunneling parameters uN ≈ 0.097eV , uB ≈ 0.144eV ,VB ≈ 3.332eV , VN ≈
−1.493eV in our computation [235, 242]. According to the second order perturbation

Hg/hbn ≈ Hg −U †H−1
hbnU ≡ Hg + Vhbn, (5.27)

here

Vhbn = −

[(
uN uN

uB uB

)
+

(
uN e−i 2π

3 uN

ei 2π
3 uB uB

)
e−iG5·r +

(
uN ei 2π

3 uN

e−i 2π
3 uB uB

)
e−iG6·r

]
(

1
VN

0
0 1

VB

)[(
uN uB

uN uB

)
+

(
uN e−i 2π

3 uB

ei 2π
3 uN uB

)
eiG5·r +

(
uN ei 2π

3 uB

e−i 2π
3 uN uB

)
eiG6·r

]

= −3
(

1
VN

− 1
VB

)(
u2

N 0
0 u2

B

)

− eiG2·r

 (
1

VN
+ e−i 2π

3 1
VB

)
u2

N

(
1

VN
+ e−i 2π

3 1
VB

)
uNuB(

ei 2π
3 1

VN
+ 1

VB

)
uNuB

(
ei 2π

3 1
VN

+ 1
VB

)
u2

B


− eiG5·r

 (
1

VN
+ ei 2π

3 1
VB

)
u2

N

(
e−i 2π

3 1
VN

+ 1
VB

)
uNuB(

1
VN

+ ei 2π
3 1

VB

)
uNuB

(
e−i 2π

3 1
VN

+ 1
VB

)
u2

B


− eiG3·r

 (
1

VN
+ ei 2π

3 1
VB

)
u2

N

(
1

VN
+ ei 2π

3 1
VB

)
uNuB(

e−i 2π
3 1

VN
+ 1

VB

)
uNuB

(
e−i 2π

3 1
VN

+ 1
VB

)
u2

B


− eiG6·r

 (
1

VN
+ e−i 2π

3 1
VB

)
u2

N

(
ei 2π

3 1
VN

+ 1
VB

)
uNuB(

1
VN

+ e−i 2π
3 1

VB

)
uNuB

(
ei 2π

3 1
VN

+ 1
VB

)
u2

B


− eiG1·r

 (
1

VN
+ ei 2π

3 1
VB

)
u2

N

(
ei 2π

3 1
VN

+ e−i 2π
3 1

VB

)
uNuB(

ei 2π
3 1

VN
+ e−i 2π

3 1
VB

)
uNuB

(
e−i 2π

3 1
VN

+ 1
VB

)
u2

B


− eiG4·r

 (
1

VN
+ e−i 2π

3 1
VB

)
u2

N

(
e−i 2π

3 1
VN

+ ei 2π
3 1

VB

)
uNuB(

e−i 2π
3 1

VN
+ ei 2π

3 1
VB

)
uNuB

(
ei 2π

3 1
VN

+ 1
VB

)
u2

B

 . (5.28)

From now on, we are ready to express the super-moiré Hamiltonian according to two
sets of perturbation moiré fields. For valley τ in plane wave basis,

Hτ (k) = Hg + Vhbn +Hh/h

= c†
k

[
− h̄vF

(
0 kx − iky

kx + iky 0

)
− 3

(
1
VN

+
1
VB

)(
u2

N 0
0 u2

B

)]
ck

−
6∑

j=1
c†

k+Gj

[(
wj

11 wj
12

wj
21 wj

22

)]
ck +

Vh/h

2
∑

j=1,3,5
ei π

2 c†
k+G′

j
ck + e−i π

2 c†
k−G′

j
ck.

(5.29)

Here we take Fermi velocity vF ≈ 0.8 × 106m/s and wj matrix can be read from Vhbn.
The Hamiltonian in the other valley can be derived directly by time reversal H−τ (k) =

H∗
τ (−k) (there is no magnetic field for now). One can express Gj and G′

j by gj and
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cut off the matrix dimension to include all gj which satisfies
∣∣gj

∣∣ ≤ 10g0 and this will
include 2G0 and 2G′

0 meshes. When we set Vh/h = 0, we can compute density of states
to compare our result from gj mesh with Gj mesh, where there should be no difference
since we trivially fold bands into a smaller Brillouin zone and do not change the density
of states. After we turn on Vh/h ∼ 100meV , the main feature of the density of states
keeps the same since Vhbn has a larger magnitude, while there will be tiny dips emerge
because of the folded bands open gaps as shown in Fig 5.2(a). Here we use a finite
temperature broadening Fermi-Dirac distribution for computing density of states

∂ϵf
0 =

1
2kT [cosh( ϵ−µ

kT ) + 1]
. (5.30)

Here we set kT = 2meV for plotting Fig 5.2(a) and a gap from graphene/hbn moiré
potential at hole doping νg/h = −1 is observed as expected. By relaxation time ap-
proximation, we can also compute the relative shape of Drude conductance σxx ∝∫
d2k ∂ϵf

0 (∂kxϵ)
2. At the same temperature kT = 2meV , the result is shown in

Fig 5.2(b). One can see twisted hbn potential reduces the conductance and gives tiny
dips features because of the super-moiré.
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Figure 5.2: Density of states and Drude conductance versus filling νg/h of
graphene/hbn moiré bands. (a) Density of states (without normalization) versus fill-
ing with Vh/h = 0 (blue line) and Vh/h = 100meV (red line). (b) Drude conductance
along G1 and G2 directions with Vh/h = 0 (blue and red lines) and with Vh/h = 100meV
(purple and yellow lines) versus filling.

Then we would like to compute the case with magnetic field which achieves several
quantum fluxes for super-moiré unit cell so that a periodic oscillation with B can be
observed. To write down the Hamiltonian in Dirac fermion Landau level basis, we need
to compute each matrix element with the overlap of Landau level wavefunctions [160,
234–237]. First, it is straightforward to write down the Dirac dispersion within every
layer, which is already diagonalized since this is just the definition of this basis.

Hg → ϵnδn,n′δm,m′ (5.31)
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Here we use n to label the Landau level and use m to label the degenerate ky label. And
the AB sublattice difference term can also be computed according to

∫
dydz ψ†

n,m

[
−3
(

1
VN

+
1
VB

)(
u2

N 0
0 u2

B

)]
ψn′,m′

= C2
nδn,n′δm,m′

[
−3
(

1
VN

+
1
VB

)(
sgn(n)2u2

N + u2
B

)]
(5.32)

Then it comes to compute the moiré scattering elements
〈
ϕn,kye

ikyy
∣∣∣eiG·r

∣∣∣eik′
yyϕn′,k′

y

〉
.

There is an explicit expression for this step and the idea is expanding Hermite polyno-
mials. The expansion center can be seen from

e
− 1

2 a

(
x+

ky
a

)2

e
− 1

2 a

(
x+

k′
y

a

)2

eiGxx = e
−a

(
x+

ky+k′
y−iGx

2a

)2

e
(ky+k′

y−iGx)
2

4a e
−

(
k2

y+k′
y

2

2a

)
(5.33)

Here we define a = eB/ h̄ and use z =
√
a(x+

ky+k′
y−iGx

2a ) to label the expansion center.
Define ∆y = k′

y − ky so that the Hermite polynomials can be written as

Hn′

(√
a

(
x+

k′
y

a

))
=

n′∑
k′=0

n′!
k′! (n′ − k′)!

Hk′(z)

(
∆y + iGx√

a

)n′−k′

Hn

(√
a

(
x+

ky

a

))
=

n∑
k=0

n!
k!(n− k)!

Hk(z)

(
−∆y + iGx√

a

)n−k

(5.34)

According to orthogonal relation of Hermite polynomials∫ ∞

−∞
Hm(z)Hn(z)e

−z2
dz =

√
π2nn!δn,m, (5.35)

remember the integral in
〈
ϕn,kye

ikyy
∣∣∣eiG·r

∣∣∣eik′
yyϕn′,k′

y

〉
is for dx = dz√

a
and dy. We can

compute
〈
ϕn,kye

ikyy
∣∣∣eiG·r

∣∣∣eik′
yyϕn′,k′

y

〉
as

δky ,k′
y+Gy

e
(ky+k′

y−iGx)
2

4a e
−

(
k2

y+k′
y

2

2a

)
1√

2nn!2n′
n′!

×
min(n,n′)∑

k=0

n′!
k! (n′ − k)!

n!
k!(n− k)!

2kk!
(

∆y + iGx√
a

)n′−k (−∆y + iGx√
a

)n−k

(5.36)
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Let’s focus on the k-dependent part first and define m = min (n,n′), M = max (n,n′)

min(n,n′)∑
k=0

n′!
k! (n′ − k)!

n!
k!(n− k)!

2kk!
(

∆y + iGx√
a
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−
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)
(5.37)

Here L
(M−m)
m

(
∆2

y+G2
x

2a

)
is associated Laguerre polynomial. Combine the coefficients

with the k-independent part before
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y+Gy

e
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(5.38)

Since ∆y = k′
y − ky = −Gy, we finally derive the same expression as in Ref [160, 235]〈

ϕn,kye
ikyy

∣∣∣eiG·r
∣∣∣eik′

yyϕn′,k′
y

〉
= δky ,k′

y+Gy

√
m!
M !

e−
i(ky+k′

y)Gx

2a e−
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(
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)
(5.39)

For now, we have not used the magnetic translation symmetry of lattice, which will
loosen the constriction δky ,k′

y+Gy
to δky ,k′

y+Gy+Ty
where Ty corresponds to translation-

invariant reciprocal vector. To utilize this, we define magnetic flux as BS = p
q

h
e so

that eB
h = 2πp

qS and use three variables k0, j,m to relabel ky ≡ k0 + (jp +m)Gy =

k0 + 2π
LM

(jp +m). Here k0 is continuum and 0 < k0 < Gy, m corresponds to the
unit moiré translation and 0 < m < p− 1, and j controls the magnetism translation
−∞ < j < +∞. Let’s assume L1 = (0,LM ) ,L2 =

(√
3

2 , 1
2

)
LM are two moiré lattice

vectors. The property of this magnetism translation can be checked by adding mL1 on
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the Landau level wavefunction

ϕn,ky (x)e
iky(y+mLM )

= ϕn,k0,j,m′(x)e
i

(
k0+

2π
LM

(jp+m′)

)
(y+mLM )

= ϕn,k0,j,m′(x)e
i

(
k0+

2π
LM

(jp+m′)

)
y
eik0mLM (5.40)

Here we replace the label ky with k0, j,m. The wavefunction after translation is the
same except for a phase shift eik0mLM . This should be obvious since we choose ky as
good quantum number and we are translating along y direction. At the same time, one
can check the translation along the other direction jqL2,

ϕn,ky

(
x+

jq
√

3LM

2

)
e

iky

(
y+

jqLM
2

)

= ϕn,k0,j′+j,m′(x)e
i

(
k0+

2π
LM

(j′p+m′)

)(
y+

jqLM
2

)
(5.41)

If there is a translation symmetry, there should be at most a phase different between

ϕn,ky

(
x+ jq

√
3LM
2

)
e

iky

(
y+

jqLM
2

)
and ϕn,ky (x)e

iky(y) while this is not the case for the
basis now. We would like to combine wavefunctions at different j′ by a Fourier trans-
formation to z

Φn,k0,z,m′(r) ≡ 1√
N

∞∑
j′=−∞

ϕn,k0,j′,m′(x)e
i

(
k0+

2π
LM

(j′p+m′)

)
y
e

i 2π
LM

(j′p+m′)z (5.42)

Now we can check this transformation keeps mL1 translation invariant property

Φn,k0,z,m′ (r+mL1)

=
1√
N

∞∑
j′=−∞

ϕn,k0,j′,m′(x)e
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(
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e
i 2π

LM
(j′p+m′)z

= eik0mLM Φn,k0,z,m′(r) (5.43)
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And if we require q is even (this will not cause any trouble since p
q can approach any

rational number), we will have
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Under this new basis where translation symmetry along the other direction is also in-
volved, we can rewrite the elements of Hamiltonian matrix. For δmi,m′

i
, it is straightfor-

ward by replacing it with δki,k′
i
δzi,z′

i
δmi,m′

i
. For matrix element

〈
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〉
,

it should be replaced by〈
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One can see the variables k0, z will at most contribute a trivial global phase to the
Hamiltonian so that one can just take k0 = 0 and z = 0 to compute the spectrum.
Similarly, when we consider L1 =

(
−1

2 ,
√

3
2

)
Ls,L2 = (1, 0)Ls which matches the

mesh of our Gj and gj . We replace the LM in above formula with
√

3Ls. The ma-
trix elements for G1,G2,G3,G4,G5,G6 are the similar as before except for we should
use δl,l′+10, δl,l′+5, δl,l′−5, δl,l′−10, δl,l′−5, δl,l′+5 to match the graphene/hbn scattering
along ky direction. The matrix elements for G′

1,G′
2,G′

3,G′
4,G′

5,G′
6 are similar with

δl,l′+3, δl,l′+9, δl,l′+6, δl,l′−3, δl,l′−9, δl,l′−6.
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In a word, for Gα we have〈
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(5.46)

For G′
α, we have the same formula except for replacing G → G′. Now we have collected

all the formulas needed for writing the Hamiltonian in Dirac Landau level basis. The
dimension of the final Hamiltonian we would like to diagonalize is 4N(p, θ) × p. Here
N(p, θ) is the amount of cut off Landau levels at magnetic flux p

q and twist angle θ.

Since the energy scale of Landau level scales as ϵn = h̄vF

√
2n2πp

qS , we keep the amount
of N(p, θ) to make sure N(p, θ) × p ≈ const integer when continuously tuning integer
p at a fixed twist angle θ. From this expression, one can also see when twist angle is
deduced which enlarges the area of the moiré unit cell S, the required N(p, θ) should
also be enlarged to observe converged spectrum at the low energy region. The energy
spectra for Vh/h = 0 and Vh/h = 100meV are shown in Fig 5.3.

( )a ( )b

Figure 5.3: Energy spectra versus magnetic flux p/q for Vh/h = 0 (a) and Vh/h =
100meV (b). The dark dots and red dots label states from different valleys and the
colored gaps are identified with quantized Hall conductance by Diophantine equation.
Only [-20,20] quantized Hall conductance are plotted and we take a cutoff for N(p, θ)×
p ≈ 2200 for (a) and N(p, θ) × p ≈ 22000 for (b).

After deriving the energy spectrum, we are ready to compute the Hall conductance
and plot the Wannier diagram [246](transform the p/q−E spectrum to p/q− ν diagram
where ν directly corresponds to charge/hole density in experiments). Computing the
Hall conductance is basically solving the Diophantine equation [10, 11, 14]

r = pt+ qs (5.47)
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Here r is the number of filled states, t is the quantized Hall conductance and s is the
integer independent with magnetic field. Within a gap, integers t, s will not change so
that the quantized Hall conductivity is

r′ − r

p′ − p
= t. (5.48)

For the nearest two magnetic flux we take p′ − p = 1, the quantized Hall conductivity is
just the difference of filled states between two nearest p. For the continuous model we
discuss, the filled states (by particles or holes) should be counted from half filling. We
set the axis as p/q− νg/h and plot density of states with a finite temperature broadening
to show the Wannier diagram. The results for Vh/h = 0 and Vh/h = 100meV are shown
in Fig 5.4. It is obviously that when we turn on Vh/h, there are some branches coming
from non-integer νg/h especially near p = 0, νg/h = −4 (it is still the integer filling of
super-moiré bands). This will be one feature of forming super-moiré.

( )b( )a

Figure 5.4: Density of states map with filling of graphene/hbn bands νg/h and magnetic
flux p/q for Vh/h = 0 (a) and Vh/h = 100meV (b). The cutoff setting is the same as used
in Fig 5.3 and we take kT = 2meV for plotting broadening density of states where deep
blue indicates low density of states corresponding a gap. One can read the quantized
Hall conductivity from the slop of blue lines directly.

Besides the Hall response, one can also detect super-moiré forming from the Drude
conductance oscillation with magnetic field as observed in experiments [247–249]. Since
we are not working in plane wave basis but in modified Landau level basis, one needs
to transform the velocity operator from plane wave basis to the one in the same basis
diagonalizing the Hamiltonian. In Hamiltonian eigenstate |n⟩ basis,

σxx ∝
∫
d2k

∑
n

(〈
n

∣∣∣∣ ∂H∂kx

∣∣∣∣n〉)2 ∂f0

∂ϵn

=

∫
d2k Tr

[
U †
(
∂Hg

∂kx

)
U ⊙U †

(
∂Hg

∂kx

)
U ⊙ ∂f0

∂ϵ

]
≡ Tr

[
U †MU ⊙U †MU ⊙ ∂f0

∂ϵ

] √
3

2 g2
0 (5.49)
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Here ⊙ means the corresponding elements product (i.e., Hadamard product) and U is
the unitary transformation from plane wave basis to Hamiltonian eigenstate basis. Since
the plane wave basis Hamiltonian is linear with kx, M ≡ ∂Hg

∂kx
is a constant matrix and

the integral over Brillouin zone just gives the area
√

3
2 g

2
0 . In plane wave basis, M is

written as

M =



0 1
1 0

0 0
0 0

0 0
0 0

0 1
1 0

. . .

. . . . . .


(5.50)

Here, the moiré potential is dependent on G, G′ and independent with kx. Because the
unitary transformation will not change the eigenvalues and the trace, one can conclude
the matrix after transformation also consists of half eigenvalues 1 and half −1 and a
trivial trace gives Tr

[
U †MU

]
= 0. Ignoring the finite density of states weight ∂f0

∂ϵ , the
aim becomes to find in which case, the trace Tr

[
U †MU ⊙U †MU

]
will give nontrivial

value. This demands to understand the matrix U †MU . We separate the transformation
in U to two parts, from plane wave to Landau level and from Landau level to Hamiltonian
eigenstate. The first part is independent with the magnetic field and one can write down
an effective one-dimension Hamiltonian to describe M in this Landau level basis.

HM (ky) =
i√
2

(
c†

1c0 − c†
−1c0

)
+
i

2
∑
n>1

(
c†

ncn−1 + c†
nc1−n

)
− i

2
∑

n<−1

(
c†

nc−n−1 + c†
nc1+n

)
+ h.c.

(5.51)
Here n = 0, ±1, ±2, . . . is Landau level label and this Hamiltonian has amount of ky

degenerate copies. Write it in matrix form where each block matrix Hn,m labels the
hopping between n,m Landau levels and is the coefficient multiplying identity in ky

subspace.

HM =



0 H0,1 H0,−1 0 0 0 0
H1,0 0 0 H1,2 H1,−2 0 0
H−1,0 0 0 H−1,2 H−1,−2 0 0

0 H2,1 H2,−1 0 0 H2,3 H2,−3

0 H−2,1 H−2,−1 0 0 H−2,3 H−2,−3

0 0 0 H3,2 H3,−2 0 0
0 0 0 H−3,2 H−3,−2 0 0


(5.52)

Now the aim reduces to what kind of the second transformation can make the norm
of diagonal elements larger. A naive pure Landau level case where the transformation
is identity matrix obviously cannot do this job since the diagonal elements without
any transformation are zeros. Another way to look at this problem is checking the
fully diagonal case, where the square of the eigenvalues reaches the maximum, i.e., any
unitary transformation applying on the diagonal case will decrease the mode of diagonal
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elements so that 1, 1, ... is the largest square of diagonal elements case

λi =
∑

α

U †
i,α(±1)α,αUα,i =

∑
α

(±1)α,α
∣∣uα,i

∣∣2 ≤
∑

α

∣∣uα,i
∣∣2 = 1 (5.53)

Another conclusion one can derive is if the perturbation only hybridizes different ky labels
within the same Landau level without mixing different Landau levels, then apparently
after applying this unitary transformation the diagonal blocks are still zeros. This
indicates the wavefunction needs to at least hybridize two Landau levels to give a finite
contribution for σxx. For the super-moiré situation, the requirement will be either
original moiré can hybridize but not necessarily both. And this oscillation can still be
observed even when one of the component moiré is not large compared with the Landau
levels gap. The numerical results for Tr

[
U †MU ⊙U †MU ⊙ ∂f0

∂ϵ

] √
3

2 g
2
0 at Vh/h = 0

and Vh/h = 100meV are shown in Fig 5.5. One can see the clear oscillation peaks near
fractional and integer magnetic flux case which should directly correspond to oscillations
observation in an experiment. A naive understanding for this peak behavior at fractional
and integer magnetic flux is merged fractal bands at rational flux can contribute larger
velocity. However, a quantitative understanding is still absent and waited for future
exploring.

( )a ( )b

Figure 5.5: Drude conductance σxx map with filling of graphene/hbn bands νg/h and
magnetic flux p/q for Vh/h = 0 (a) and Vh/h = 100meV (b). The cutoff setting is the
same as used in Fig 5.3 and we take kT = 2meV for computing ∂f0

∂ϵn
. One can see the

small Vh/h = 100meV can produce obvious oscillation at integer super-moiré flux while
the amplitude of σxx becomes much smaller than Vh/h = 0.

5.3 Further discussion

Starting from this Landau level with moiré potential basis (which we may call Hofs-
tadter’s butterfly basis), what will be brought by putting interaction in is even more
interesting. The integer-flux TBG case has been studied analytically and reentrant cor-
related insulators are derived [164, 165] while interesting fractional filling is still left for
both numerical and possible analytical study in the future.
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Appendix A

Mathematical preparation on
Quantum Monte Carlo

A.1 Markov chain Monte Carlo

In this section, I would like to introduce how to generate a series of configuration ac-
cording to a given probability distribution by Markov chain technique [250]. The well
known classical Ising model will be adopted to indicate this idea. The Hamiltonian of
Ising model is shown as

H = J
∑
⟨i,j⟩

sisj . (A.1)

Here ⟨i, j⟩ means the summation is over all the nearest neighbor sites i, j and si is a
number which can only take ±1. The partition function of this model is written as

Z = Tr(e−βH) =
∑
{s}

∏
⟨i,j⟩

e−βJsisj . (A.2)

Here β ≡ 1
T is the inverse of temperature, the trace Tr(· · · ) means summation over all

possible configuration {s} and because of sisj are some numbers one can rewrite the
summation on exponent as a product. Since one cares more about the ensemble average
but not the partition function itself, we can see any observable Ô can be expressed as

〈
Ô
〉
=

Tr(Ôe−βH)

Tr(e−βH)
=
∑
{s}

∏
⟨i,j⟩ e

−βJsisj∑
{s′}

∏
⟨i′,j′⟩ e

−βJs′
i′ s′

j′
O{s} ≡

∑
{s}

p{s}O{s}. (A.3)

One can easily see p{s} ≡
∏

⟨i,j⟩ e
−βJsisj∑

{s′}

∏
⟨i′,j′⟩ e

−βJs′
i′ s′

j′
is positive definite and normalized

(i.e.,
∑

{s} p{s} = 1) so that it is a well defined probability mass function (PMF). We
have transformed the problem computing ensemble average of an observable to deriving
weighted average for a given PMF, which one can apply Markov chain Monte Carlo to
solve. This is the starting point for all kinds of Monte Carlo methods.
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The importance sampling idea comes from the fact that the whole configuration
space {s} is so huge (exponentially dependent on system size) that exhausting all con-
figurations is almost impossible for a large size system. However, the good news is all
of them contribute not equally. This PMF is basically an exponential function of bond
energy Jsisj , which means as long as the fluctuation of the observable between different
configurations is below exponent (It is actually O(1) in most of cases we care about),
the (system-size) polynomial joint exponential distribution can be approximately de-
termined by (system-size) polynomial amount of configurations. Our task next is just
finding those important configurations out. We use a Markov chain to do this job.

Let’s assume we start at the configuration µ, we have a transition probability P (µ →
ν) to update our system into configuration ν. We require this probability is normalized
so that

∑
ν P (µ → ν) = 1 for any µ. Another requirement is we hope after some steps,

no matter we start from which distribution pα, we end with the balanced distribution
we want pν (or just p{s} in our Ising model case). A sufficient condition for achieving
this is after some steps, we should always have

pνP (ν → µ) = pµP (µ → ν). (A.4)

This is so-called condition of detailed balance that transition current is conserved be-
tween any two configurations. This stronger constrain is used to rule out the limit cycle
case and sum over µ on both sides of the equation one can derive the condition of balance

pν =
∑

µ

pµP (µ → ν). (A.5)

In our practice, we always choose P (µ → ν) satisfying the stronger detailed balance
constrain and make sure our update process is ergodic. Then from a random distribu-
tion pα we can always flow to the expected single pν by applying P (α → α′) enough
times (The detailed balance condition and ergodic makes sure P (α → α′) is an irre-
ducible aperiodic matrix so that one can apply Perron–Frobenius theorem to prove 1 is
its maximum single eigenvalue). Specifically, we take Metropolis algorithm to fulfill a
ergodic and detailed balance constrained sampling. The P ({s} → {s′}) matrix can take

P ({s} → {s′}) = min{1,
p{s′}
p{s}

}. (A.6)

If we try flipping site one by one, the ergodic is straightforward. One can also check the
detailed balance condition P ({s}→{s′})

P ({s′}→{s}) =
p{s′}
p{s}

is obvious. After determining P ({s} →
{s′}), the algorithm goes as generate a random configuration {s}, try updating si on
each site with possibility min{1,

ps′
i

psi
} one by one (generate a random number between

0 and 1, if it is smaller than
ps′

i
psi

then update the site, else keep it unchanged), measure
the observable after Markov chain reaching balance (fluctuation of observable becomes
Gaussian from the law of large numbers if the PMF is converged) and compute the
average of the sampled observable will derive the final result.
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A.2 Wick’s theorem

Wick’s theorem is an extremely important formula in Quantum Monte Carlo measure-
ments as well as mean field approximation. In this section, I will go through its usually
used forms under mean field wavefunction average and ensemble average for discrete
degree of freedom fermion systems [8, 9].

Let’s prove the simple case first, where we choose a single state in occupation
basis such as |ψs⟩ = |0, 1, 1, 0, ...⟩ where 0, 1 means there is zero or one particle on the
corresponding site. Then one can arrange the sequence of ĉ†

i ĉj ĉ
†
i′ ĉj′ ... with the normal

order label : ĉ†
i ĉj ĉ

†
i′ ĉj′ ... : so that ĉ†

i /ĉi is always put on the right if there is 1/0 particle on
site i. The arranged sequence in this way has the property

〈
ψs| : ĉ†

i ĉj ĉ
†
i′ ĉj′ ... : |ψs

〉
= 0

since this is just the definition of this arrangement. This gain demands a pain that
during the arrangement, the anti-commutation relationship may contract two operators
and replaces it with a number (e.g., an additional δi,j will appear when one want to
replace ĉ†

i ĉj by −ĉj ĉ
†
i if ĉj ĉ

†
i is the required sequence while there is no such a term if

ĉ†
i ĉj is already the correct order). All the possible ways of this contribution are equal to

different ways picking ĉ† operator from i, i′, ... list and picking ĉ operator from j, j′, ... list.
After considering one contraction, e.g., contraction between i, j, we can continuously
arrange the left operators in normal order to make

〈
ψs| : ĉ†

i′ ĉj′ ... : |ψs

〉
= 0. Then

the result becomes clear that when we want to compute
〈
ψs|ĉ†

i ĉj ĉ
†
i′ ĉj′ ...|ψs

〉
, we can

try arranging operators in normal order and only left fully contracted terms such as
Ni,jNi′,j′ ... can give a contribution, where Ni,j picks δi,j if ĉ†

i ĉj is originally not in the
correct order and picks 0 if it is. According to this definition, one can see the number
Ni,j is just equal to

〈
ψs|ĉ†

i ĉj |ψs

〉
. There will also be ± sign before these terms which

comes from anti-commutation and is equal to (−1)C(P ). Based on above derivation, we
conclude 〈

ψs|ĉ†
i ĉj ĉ

†
i′ ĉj′ ...|ψs

〉
=
∑
P

(−1)C(P )
∏
ij

〈
ψs|P [ĉ†

i(P )
ĉj(P )]|ψs

〉
. (A.7)

Here the summation is over all the possible contraction ways where one of the contracted
pair from i, i′, ... and the other from j, j′, ..., the product is over all ij pairs, C(P ) counts
the times of permutation that needed to adjust the sequence from i, j, ... to i(P ), j(P ), ...
and the P [...] means rearrange the ĉ†

i(P )
ĉj(P ) position according to the relative positions

i(P ), j(P ) in sequence i, j, i′, j′, .... To understand this formula better, I give an example
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for six-operator sequence case below〈
ψs|ĉ†

i ĉj ĉ
†
i′ ĉj′ ĉ†

i′′ ĉj′′ |ψs

〉
=

〈
ψs|ĉ†

i ĉj |ψs

〉〈
ψs|ĉ†

i′ ĉj′ |ψs

〉〈
ψs|ĉ†

i′′ ĉj′′ |ψs

〉
+

〈
ψs|ĉ†

i ĉj′ |ψs

〉〈
ψs|ĉj ĉ

†
i′ |ψs

〉〈
ψs|ĉ†

i′′ ĉj′′ |ψs

〉
+

〈
ψs|ĉ†

i ĉj′′ |ψs

〉〈
ψs|ĉ†

i′ ĉj′ |ψs

〉〈
ψs|ĉj ĉ

†
i′′ |ψs

〉
+

〈
ψs|ĉ†

i ĉj |ψs

〉〈
ψs|ĉ†

i′ ĉj′′ |ψs

〉〈
ψs|ĉj′ ĉ†

i′′ |ψs

〉
−

〈
ψs|ĉ†

i ĉj′ |ψs

〉〈
ψs|ĉ†

i′ ĉj′′ |ψs

〉〈
ψs|ĉj ĉ

†
i′′ |ψs

〉
+

〈
ψs|ĉ†

i ĉj′′ |ψs

〉〈
ψs|ĉj ĉ

†
i′ |ψs

〉〈
ψs|ĉj′ ĉ†

i′′ |ψs

〉
(A.8)

Since there are 6 possible pairing ways from i, i′, i′′ to j, j′, j′′, we have 6 terms in total.
In each pair, the operator with less prime label, which means this operator shows up
in i, j, i′, j′, i′′, j′′ earlier, is listed at the front. From i, j, i′, j′, i′′, j′′ to i, j′, j, i′, i′′, j′′,
we need to permute twice which contributes (−1)2 = +1. While from i, j, i′, j′, i′′, j′′ to
i, j′, i′, j′′, j, i′′, we need to permute 5 times so that it contributes (−1)5 = −1.

The formula for wavefunction in |ψs⟩ in ij occupation basis is kind of trivial because
we actually know the result of left-hand side (LHS) can only be 0, 1, −1. However, this
form can be easily transformed to the case where single particle product state |ψ⟩ is
in a general mean field basis and may not be eigenstate of ĉ†

i ĉi. The derivation is
straightforward by using unitary transformation ĉ†

i =
∑

α u
∗
i,αĉ

†
α, ĉj =

∑
β uj,β ĉβ .〈

ψ|ĉ†
i ĉj ĉ

†
i′ ĉj′ ...|ψ

〉
=

∑
α,β,α′,β′,...

〈
ψ|u∗

i,αĉ
†
αuj,β ĉβu

∗
i′,α′ ĉ

†
α′uj′,β′ ĉβ′ ...|ψ

〉
=

∑
α,β,α′,β′,...

∑
P

(−1)C(P )
∏
αβ

〈
ψ|P [u∗

i(P ),α(P )ĉ
†
α(P )

uj(P ),β(P )ĉβ(P )]|ψ
〉

=
∑
P

(−1)C(P )
∏
ij

〈
ψ|P [ĉ†

i(P )
ĉj(P )]|ψ

〉
(A.9)

Since the coefficients u∗
i,α,uj,β follow tightly with ĉ†

α, ĉβ , one can recover the ĉ†
i , ĉj form

after contraction in |ψ⟩ basis. Now, we can conclude the Wick’s theorem above works
for any single particle product state average (or mean field average and mean field
trace). Actually, in our derivation of Hall conductance formula assuming mean field
wavefunction in Chapter 2, we have used this form to expand current-current correlation
function.

Then let’s look at Wick’s theorem for ensemble average case. Assume we have
a mean field "Hamiltonian" Ĥ ≡

∑
i,j hi,j ĉ

†
i ĉj and use it to define the density matrix

operator ρ̂ ≡ e−βĤ as our ensemble weight. Explicitly, the Wick’s theorem is

Tr(ρ̂ĉ†
i ĉj ĉ

†
i′ ĉj′ ...) =

∑
P

(−1)C(P )
∏
ij

Tr(ρ̂P [ĉ†
i(P )

ĉj(P )]) (A.10)

The wavefunction average form gives us a hint for proving the form above. With the



A.2. Wick’s theorem 109

similar idea, we first assume the sequence ĉ†
αĉβ ĉ

†
α′ ĉβ′ ... is already in −βĤ diagonalized

basis with eigenvalue ϵi and expand according to eigenstates so that

Tr(ρ̂ĉ†
αĉβ ĉ

†
α′ ĉβ′ ...) =

∑
γ1,γ2,...

e

∑
{i|γi=1} ϵi

〈
γ1γ2...|ĉ†

αĉβ ĉ
†
α′ ĉβ′ ...|γ1γ2...

〉
=

∑
γ1,γ2,...

e

∑
{i|γi=1} ϵi

∑
P

(−1)C(P )
∏
αβ

〈
γ|P [ĉ†

α(P )
ĉβ(P )]|γ

〉
=

∑
P

(−1)C(P )
∏
i/∈Γ

(1 + eϵi)
∑

Γ

eϵΓ
∏
αβ

〈
ψΓ|P [ĉ†

α(P )
ĉβ(P )]|ψΓ

〉
(A.11)

Here γ = 0, 1 labels the state is empty/occupied. In the last line, we define a set Γ
to label all α,β,α′,β′, ... single particle orbitals so that summation over ρ̂ applying on
all those irrelevant orbitals gives

∏
i/∈Γ(1 + eϵi). The left summation is for the relevant

orbitals. If the orbital is occupied it will contribute ϵ and if it is empty it contributes
zero in ϵΓ. Remember according to the definition of the density matrix Tr(ρ̂) = 1 so
that

∏
i(1 + eϵi) = 1 and

∏
i ̸=α(1 + eϵi)

∏
i ̸=α′(1 + eϵi)... =

∏
i/∈Γ(1 + eϵi). Based on

this understanding, we can recover the trace product form

Tr(ρ̂ĉ†
αĉβ ĉ

†
α′ ĉβ′ ...) =

∑
P

(−1)C(P )
∏
i/∈Γ

(1 + eϵi)
∑

Γ

eϵΓ
∏
αβ

〈
ψΓ|P [ĉ†

α(P )
ĉβ(P )]|ψΓ

〉
=

∑
P

(−1)C(P )
∏
αβ

∑
Γ

eϵα(P ),β(P )
∏

i ̸=α(P ),β(P )

(1 + eϵi)
〈
ψΓ|P [ĉ†

α(P )
ĉβ(P )]|ψΓ

〉
=

∑
P

(−1)C(P )
∏
αβ

Tr(ρ̂P [ĉ†
α(P )

ĉβ(P )]) (A.12)

Similarly, for operator sequence written in another basis, the unitary transformation
coefficients u∗

i,α,uj,β follow ĉ†
α, ĉβ tightly so that we finally prove

Tr(ρ̂ĉ†
i ĉj ĉ

†
i′ ĉj′ ...) =

∑
P

(−1)C(P )
∏
ij

Tr(ρ̂P [ĉ†
i(P )

ĉj(P )]) (A.13)

We use this formula both in the jumped derivation of finite temperature Hall conduc-
tance in Chapter 2 as well as the correlation measurement of our Determinant Quantum
Monte Carlo (DQMC) simulation in Chapter 3 and Chapter 4. When those operators
are written in Heisenberg picture and imaginary-time dependent, one can rewrite the
imaginary-time-order operator into the form above where there are some coefficients
from commutation and absorb them to recover the imaginary-time-order form in the
final result.

Tr(T{ρ̂ĉ†
i ĉj ĉ

†
i′ ĉj′ ...}) =

∑
P

(−1)C(P )
∏
ij

Tr(T{ρ̂P [ĉ†
i(P )

ĉj(P )]}) (A.14)
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A.3 Suzuki–Trotter expansion

In this section, we introduce the Suzuki–Trotter expansion for imaginary-time density
matrix ρ̂ ≡ e−βĤ where Ĥ ≡ Ĥ1 + Ĥ2 + · · · and there are N terms in total for Hamil-
tonian Ĥ. This expansion is based on the Zassenhaus formula

et(X̂+Ŷ ) = etX̂etŶ e− t2
2 [X̂,Ŷ ]e

t3
6 (2[Ŷ ,[X̂,Ŷ ]]+[X̂,[X̂,Ŷ ]]) · · · . (A.15)

When t is small, we have Suzuki–Trotter expansion

et(X̂+Ŷ ) = etX̂etŶ +O(t2). (A.16)

In our application, we cut finite β into Nβ pieces β = ∆tNβ . For ∆t is small enough, we
approximately have

e−βĤ =

Nβ∏
t=1

e−∆tĤ ≈
Nβ∏
t=1

N∏
i=1

e−∆tĤi (A.17)

Considering there is no special commutation relation between Ĥi, we have the total Trot-
ter error O(N(∆t)2). Here N comes from the amount of terms in Hamiltonian which we
cannot control, but we can enlarge imaginary-time pieces (reduce ∆t) to systematically
control this Trotter error. If there is a commutation between Ĥi, Ĥj , i.e. [Ĥi, Ĥj ] = 0,
one can also reduce the Trotter error by arranging e−∆tĤi , e−∆tĤj as neighbors in the
product.

A.4 Hubbard–Stratonovich transformation

We will see the reason why we need Suzuki–Trotter expansion in this section. In a
word, we would like to transform all the e∆t(

∑
c†hc)2 terms into eη(l)

√
∆t
∑

c†hc where
η(l) is a number determined by auxiliary field l. This means after transformation we
will only have fermion bilinear form on the exponent, which can be computed easily
in single particle space matrix form as shown in our DQMC section. The continuous
Hubbard–Stratonovich transformation basically uses Gaussian integral to do this job.

e∆tÔ2
=

∫ ∞

−∞
dx

1√
2π
e− 1

2 x2
ex

√
2∆tÔ (A.18)

Here Ô can be any operator. However, simulation for a continuous variable x within
a large interval is inconvenient. As mentioned in Ref [23], we generally would like to
use a four-component auxiliary field in practice. This introduces the discrete Hub-
bard–Stratonovich transformation below.

e∆tÔ2
=

∑
l=±1,±2

1
4γ(l)e

η(l)
√

∆tÔ +O
(
(∆t)4) (A.19)
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There are eight parameter γ(l), η(l) needed to determine. One can Taylor expand the
exponent and match the coefficients before each order with the exact continuous ones
to determine them. Explicitly, we require

1
4
∑

l

γ(l) = 1

1
4
∑

l

γ(l)η(l) = 0

1
4
∑

l

γ(l)
1
2 (η(l))

2 = 1

1
4
∑

l

γ(l)
1
6 (η(l))

3 = 0

1
4
∑

l

γ(l)
1
24 (η(l))

4 =
1
2

1
4
∑

l

γ(l)
1

120 (η(l))
5 = 0

1
4
∑

l

γ(l)
1

720 (η(l))
6 =

1
6 (A.20)

The freedom is surplus to determine all the γ(l), η(l). One can see if we require η(l) is
odd and γ(l) is even over l, the second, fourth and sixth requirements can be satisfied
directly. Let’s assume this case and γ(1) = a1, γ(2) = a2, η(1) = b1, η(2) = b2, the
constrain becomes

a1 + a2 = 2

a1(b1)
2 + a2(b2)

2 = 4

a1(b1)
4 + a2(b2)

4 = 24

a1(b1)
6 + a2(b2)

6 = 240 (A.21)

One group of solution is a1 = 1+
√

6
3 , a2 = 1−

√
6

3 , b1 =
√
(2(3 −

√
6)), b2 =

√
(2(3 +

√
6)).

This group of γ(l), η(l) is just what we take in our simulation.

γ(±1) = 1 +
√

6
3

γ(±2) = 1 −
√

6
3

η(±1) = ±
√
(2(3 −

√
6))

η(±2) = ±
√
(2(3 +

√
6)) (A.22)
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Appendix B

Universality class and scaling
behavior

In this section, I will briefly introduce the idea of universality class and scaling behav-
ior [250–253], and then give the critical exponents without proof for 2D Ising and 2D
XY we use in the main text.

Define a local operator ϕ̂(x) called order parameter operator. If the correlation
density of those two operators 1

S2
∫
dxdy

〈
ϕ̂(x)ϕ̂(y)

〉
converges to a finite value, we call

this system is in the ordered phase defined by the order parameter ϕ̂(x). From order to
disorder, order parameter can change from finite value to zero continuously (e.g., sec-
ond order phase transition) or with a jump (first order phase transition). Spontaneous
symmetry breaking is one of many ways triggering a phase transition, where the Hamil-
tonian always has a certain symmetry while the symmetry-breaking operator ϕ̂(x) can
form a long range order preventing the system transforming within different symmetry
branches.

If one replaces the high frequency (or local cluster) information with the averaged
one, one actually is observing the system in a larger length scale where the details are
replaced by the average. Since the correlation density should be independent with the
length scale for a infinitely large system, one would assume identifying the order-disorder
phases should have nothing to do with this scaling transformation. For a Hamiltonian
with the given symmetry, the parameters will transform with scaling transformation
described by beta function and the order-disorder phases correspond to two different
stable fixed points where nearby renormalization group (RG) flow runs into and scaling
fields are all irrelevant (or all coefficients except for the one before fixed point term
in Hamiltonian go to zero after RG steps). In the parameter space for the continuous
RG flows, to separate two attractive stable fixed points one assumes there should be
a surface where flows go to different directions at each side. The fixed point on this
critical surface is called critical fixed point and gives scale invariant phase transition
Hamiltonian.

Since our Hamiltonian has only symmetry and dimension information left at the
fixed point (actually also topological information which we would not discuss in this
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section), it is straightforward to expect the fixed point on the critical surface describing
the phase transition for a group of Hamiltonian with the same symmetry and dimension.
The scaling behavior of this group of Hamiltonian on the critical fixed point should be
the same and we call this group of Hamiltonian belongs to the same universality class.

When we say scaling behavior, we are saying how the observables scale with the
dimensionless relevant parameters near the critical point. As we have argued before, both
at stable fixed point determining a phase and at the critical fixed point determining a
phase transition, the system after infinite times scaling transformation can only have the
length scale ξ = 0 or ξ → ∞. On the other hand, for translation and rotation invariant
system, the correlation is determined totally by the length between two points G(x, y) ≡〈
ϕ̂(x)ϕ̂(y)

〉
≡ G( |x−y|

ξ ). For ξ = 0 case,
〈
ϕ̂(x)ϕ̂(y)

〉
=
〈
ϕ̂(∞)ϕ̂(0)

〉
and the correlation

density is determined barely by the infinite long range correlation which should be finite
at ordered phase and zero at disordered phase. To link those two different behaviors with
the ξ = 0 case, we define a connected correlation function Gc(x, y) by subtracting the
mean value of infinite long range correlation as Gc(x, y) ≡

〈
ϕ̂(x)ϕ̂(y)

〉
−
〈
ϕ̂(∞)ϕ̂(0)

〉
so

that it measures the fluctuation around the mean value close to the ξ = 0 fixed point
and should always approach to zero. For ξ → ∞ case, the same connected correlation
function Gc(x, y) ≡

〈
ϕ̂(x)ϕ̂(y)

〉
−
〈
ϕ̂(∞)ϕ̂(0)

〉
has a different behavior. Since in this

case we assume |x− y| ≪ ξ < ∞ so that
〈
ϕ̂(∞)ϕ̂(0)

〉
is out of ξ region and

〈
ϕ̂(x)ϕ̂(y)

〉
is within ξ, one should expect it gives a finite value which identifies the ξ → ∞ phase
transition fixed point.

Now let’s consider the scaling behavior for ξ = 0 phase-determining fixed point
and ξ → ∞ phase transition fixed point. Since the fluctuation Gc(x, y) for ξ = 0
fixed point is zero, we can safely take the mean field scaling behavior here such that
Gc(x, y) ∝ e

− |x−y|
ξ . While for ξ → ∞ fixed point, one should abandon the mean field

estimation. As the discussion in conformal field theory lecture [254–256], for primary
field ϕ̂(x) having scaling dimension ∆ϕ, it transforms as

ϕ̂(x) → ϕ̂′(x′) =

∣∣∣∣∂x′

∂x

∣∣∣∣
∆ϕ
D

ϕ̂(x′) (B.1)

Here
∣∣∣∂x′

∂x

∣∣∣ is the Jacobian determinant determined by scaling transformation (trans-
lation or rotation has Jacobian determinant 1). For the descendant field ∂ϕ̂(x) the
conformal weight ∆∂ϕ = ∆ϕ + 1. The translation, rotation and scale invariance means
the correlation must take power-law dependence on the distance |x− y| such that

〈
ϕ̂(x)ϕ̂(y)

〉
=

1
|x− y|2∆ϕ

. (B.2)

With the RG steps driving the system to ξ → ∞ fixed point, all parameters scale in a
power-law form with the length |x−y|. In another word, near the ξ → ∞ fixed point, any
observable consisting of correlation from primary fields and their descendant fields has a
power-law behavior with any parameter. The fixed point property is determined totally
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by the amount of primary fields and their scaling dimensions. However, identifying the
connection between primary fields and the physical observable can be a tricky thing for
a given general Hamiltonian. Historically, we have 7 non-independent critical exponents
according to scaling behavior of different observable. For completeness we list them
below.

α : specific heat C = −T∂2
TF ∼ |t|−α

β : magnetization M = −∂HF |H→0 ∼ (−t)β

γ : magnetic susceptibility χ = ∂HM |H→0 ∼ |t|−γ

δ : field dependence of the magnetization M ∼ |h|
1
δ

ν : correlation length ξ ∼ |t|−ν

η : anomalous dimension of correlation

G(r) ∼


1

|r|d−2+η
, |r| ≪ ξ

e
− |r|

ξ , |r| ≫ ξ

z : dynamical exponent of correlation τ ∼ ξz (B.3)

Here T ,F ,H mean temperature, free energy and magnetic field, h ≡ H−Hc
Hc

, t ≡ T −Tc
Tc

are reduced magnetic field and temperature respected to Hc,Tc at critical point, d, τ
are dimension of the system and correlation length along imaginary time axis. Critical
exponent z is only used in quantum phase transition where temperature takes 0 such
that imaginary time axis becomes an effective additional system dimension. The other
six critical exponents are not independent and we directly list their connections labeled
with the finder below.

Fisher: ν(2 − η) = γ

Rushbrooke: α+ 2β + γ = 2

Widom: β(δ− 1) = γ

Josephson: 2 − α = νd (B.4)

In the main text, only 2D Ising and 2D XY universality classes are involved. Here
I list the critical exponents for those two kinds of phase transitions for reference.

2D Ising: G(T ,L) = L−ηf((T −Tc)L1/ν), (α = 0,β = 1
8 , γ = 7

4 , δ = 15, ν = 1, η =
1
4 ). Here G(T ,L) is the order parameter correlation density with variable temperature
T and system size L (i.e., G(T ,L) ∼

〈
M2〉 ∼ (−t)2β ∼ L−2β/ν = L−(d−2+η)). f can

be any scaling invariant function since t ∼ L−1/ν near the critical point.

2D XY: G(T ,L) = L−ηf(L · exp(− A
(T −Tc)1/2 )), (η = 1

4 ). Here G(T ,L) is the
order parameter correlation density slightly above the phase transition temperature
TBKT and A is a non-universal constant number. One should notice ξ ∼ exp( A

(T −Tc)1/2

exponentially diverges near critical temperature other than power law because of the
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nonlinear beta equation near the critical fixed point. Below TBKT , the correlation
density also behaves the power-law G(T ,L) ∼ L−η′ , (η′ < 1

4 ) since BKT phase is a
critical phase (i.e., BKT phase is labeled by a line consists of critical fixed points in RG
flow diagram).
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Appendix C

Young Diagram

Young diagram is a powerful tool to classify wavefunctions having certain continuous
symmetry [120, 257]. For a given Young diagram, the amount of standard Young
tableaus is equal to the irreducible representation dimension. Based on this, if one
can identify an eigenfunction (say one of many degenerate ground states) belonging to a
certain Young diagram, the degeneracy of this sector (i.e., the amount of standard Young
tableaus) due to this continuous symmetry can be computed directly by the hook length
formula. In this appendix, we introduce how to build the mapping from states having
SU(N) symmetry to standard tensor Young tableaus. And then we introduce the hook
length formula without proving it. Finally we give simple examples to indicate how to
use this formula for computing the amount of standard Young tableaus.

Let’s begin with considering the simplest case, one momentum point two particles
case, the wavefunction is written as

|12⟩ = 1√
2
[|12⟩ − |21⟩]. (C.1)

Here we use 1, 2, ...,N to label N different flavors particles and different positions are
set for states. The corresponding tensor Young diagram with standard tableau filling is

1
2

(C.2)

The standard tensor Young tableaus requires the filling numbers row-exchange sym-
metric, column-exchange antisymmetric and the number in each box is no smaller than
above and left boxes. The column-exchange antisymmetric requires two particles must
be in different flavors so that 1, 1 or 2, 2 are illegal tableau filling. According to this rule,
the standard tableau above has a unique corresponding fermion wavefunction |12⟩.

Now let’s consider a little bit complex case that we have another label besides the
SU(N) flavor and let’s just call it momentum label. The single particle space becomes
the direct product of those two subspaces. The raising and lowering operators for SU(N)
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should have an identity matrix element in momentum subspace.

c†
2c1 →

∑
k

c†
k,2ck,1 (C.3)

One can see these operators are symmetric about momentum which is commensurate
with the row-exchange symmetric rule in tensor Young tableaus. Now let’s try writing
the wavefunction according to the standard tensor Young tableau below.

1 1
2 2

→ 1
4 [|(k1, 1)(k1, 2)(k2, 1)(k2, 2)⟩ − |(k1, 1)(k1, 2)(k2, 2)(k2, 1)⟩

− |(k1, 2)(k1, 1)(k2, 1)(k2, 2)⟩ + |(k1, 2)(k1, 1)(k2, 2)(k2, 1)⟩] (C.4)

One can directly check this wavefunction is indeed symmetric over exchanging 1, 1 or
2, 2 between different k labels and antisymmetric of exchanging 1, 2 within the same k
label. As another example, let’s focus on the wavefunction from standard tensor Young
tableau below.

1 1 2 2 (C.5)

The corresponding wavefunction above can be derived in another way, that raising from
one highest weight state of this Young diagram

1 1 1 1

→ |(k1, 1)(k2, 1)(k3, 1)(k4, 1)⟩ (C.6)

Then apply raising operator twice to derive

1 1 2 2

→

(∑
k

c†
k,2ck,1

)2

|(k1, 1)(k2, 1)(k3, 1)(k4, 1)⟩ . (C.7)

Since all the operators are symmetric over k label and the starting state is symmetric,
the result state should also be symmetric. One can easily check this superposition state
is the same with the one which can be directly read from Young tableau except for a
normalization constant number.

Then we introduce hook length formula for SU(N) below. For every box in a given
Young diagram, we define the hook number hij ≡ Rij +Dij + 1 and content number
mij ≡ j − i for the row i column j box, where Rij ,Dij are amounts of boxes on the
right direction of row i and down direction of column j based on the (i, j) box. Then
the corresponding amount of Young tableaus is given by the formula below

d(SU(N)) =
∏
ij

N +mij

hij
. (C.8)
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To understand this expression, let’s assume N = 2 in SU(N) and check the de-
generacy computed by raising operator, number of standard tensor Young tableaus and
hook length formula. The raising operator is unique for transforming a charge from
1 to 2

∑
k c

†
k,2ck,1. The corresponding lowering operator is just

∑
k c

†
k,1ck,2. For the

wavefunction which is determined by standard Young tableau

1 1
2 2

(C.9)

either the number of standard tensor Young tableaus or hook length formula gives the
irreducible representation dimension d(SU(2)) = (2+0)×(2+1)×(2−1)×(2+0)

3×2×2×1 = 1. One
can also see any raising or lowering operator will annihilate this state. While for the
wavefunction corresponding to standard Young tableau

1 1 2 2 (C.10)

One can use raising operator at most 2 times (or lowering operator 2 times) and for
each time one 1 in the tableau is replaced by 2 (or for lowering operator 2 is replaced by
1). The hook length formula also tells us the irreducible representation dimension for
this Young diagram should be d(SU(2)) = 2×3×4×5

4×3×2×1 = 5. Finally, let’s look at a case
that full fill half of Ns flavors with Nk momentum points. The Young diagram is shown
below (e.g., Ns = 4 and Nk = 6)

(C.11)

It is hard to use raising or lowering operators to compute in this case, while one can
compute the irreducible representation dimension of this Young diagram by hook length
formula conveniently

d[Nk,Nk ]
(SU(Ns)) =

∏
ij

Ns + j − i

hij
=

(N+3)!(N+2)!
3!2!

(N + 1)!N !
=

(Ns +Nk − 1)!(Ns +Nk − 2)!
(Ns − 1)!(Ns − 2)!(Nk + 1)!Nk!

(C.12)
For Ns = 4 and Nk = 6 case, the result is d[6,6](SU(4)) = 9!8!

3!2!7!6! = 336, which means
for putting 1, 2, 3, 4 in each box satisfying the number is no smaller than the one in above
and left boxes, there are 336 different ways in total.
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Appendix D

Stochastic analytic
continuation (SAC)

Here I will briefly introduce the idea of deriving spectral function AÔ(ω) from imaginary-
time correlation function

〈
Ô(t)Ô†(0)

〉
≡ Tr(e−(β−t)H Ôe−tH Ô†)

Tr(e−βH )
[184, 185, 258]. All the

excitation spectra in the main text are computed in this way. First of all, let’s rewrite
the imaginary-time correlation function as〈

Ô(t)Ô†(0)
〉

= eβF
∑
i,j

〈
i|Ô|j

〉 〈
j|Ô†|i

〉
e−(β−t)ϵi−tϵj

= eβF
∑
i,j

∣∣〈i|Ô|j
〉∣∣2 e−(β−t)ϵi−tϵj . (D.1)

Here i, j label different eigenstates with eigenvalues ϵi, ϵj and F ≡ − 1
β log(Tr(e−βH))

is the free energy. Now we Fourier transform this correlation function to imaginary-
frequency

GÔ(iωn) ≡
∫ β

0
dteiωnt

〈
Ô(t)Ô†(0)

〉
= eβF

∑
i,j

e−βϵi

iωn + ϵi − ϵj

∣∣〈i|Ô|j
〉∣∣2 et(iωn+ϵi−ϵj )|β0

= eβF
∑
i,j

±e−βϵj − e−βϵi

iωn + ϵi − ϵj

∣∣〈i|Ô|j
〉∣∣2 (D.2)

To derive the last line, we have used the imaginary-frequency ωn = 2nπ
β for bosonic

excitation and ωn = (2n+1)π
β for fermionic excitation and eiωnβ = ±1 for boson/fermion.

Through analytic continuation iωn → ω + iδ, real-frequency spectral function can be
derived from imaginary-frequency correlation function as

AÔ(ω) =
1
π

ℑGÔ(ω)

= eβF
∑
i,j

(e−βϵi ∓ e−βϵj )δ(ω+ ϵi − ϵj)
∣∣〈i|Ô|j

〉∣∣2 (D.3)
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Here when taking δ → 0 we have used the Sokhotsky–Weierstrass theorem

lim
δ→0+

∫
f(x)

x± iδ
dx = ∓iπf(0) + P

∫
f(x)

x
dx. (D.4)

Here P means taking principal value of the integral. From the formula above, one can
deduce Cauchy–Dirac relation

lim
δ→0+

1
x± iδ

= ∓iπδ(x) + P
1
x

. (D.5)

Based on this formula, we have ℑ limδ→0+
1

ω+ϵi−ϵj+iδ = −iπδ(ω + ϵi − ϵj) which is
used to derive AÔ(ω). If the excitation is well-defined boson/fermion according to
[Ô, Ô†]∓ = 1, one can check spectral function AÔ(ω) is normalized

∫∞
−∞ dωAÔ(ω) = 1.

Imaginary-time correlation function can be deduced from spectral function as

〈
Ô(t)Ô†(0)

〉
=

∫ ∞

−∞
dω

e−ωt

1 ∓ e−βω
AÔ(ω). (D.6)

From this formula, by taking t = 0 one can derive
〈
Ô†Ô

〉
=
∫∞

−∞ dω 1
eβω∓1AÔ(ω). This

formula gives the physical interpretation for AÔ(ω) that the possibility density of finding
Ô particle states at ω (e.g., in fermion system AÔk

(0) is finite for some k points indicates
the Ôk fermions at those k points are allowed for putting on the ω = 0 fermi surface).
Besides, even though for a general Ô = â+ b̂+ · · · composed of linear combination of
orthogonal bosons/fermions, one can check this possibility density interpretation also
works with the possibility density now contributed from each boson/fermion indepen-
dently. Based on this understanding, as long as there is no boson-fermion mixing in Ô

and Ô has the component of the certain boson/fermion, one can read out the spectrum
of that boson/fermion from AÔ(ω) (maybe along with chaos from other boson/fermion
components). This is why we can define a simple Ô (e.g., order parameter) and compute
the spectrum as long as it describes the most features of that boson/fermion spectrum
we want. Below I will discuss how to derive AÔ(ω) from DQMC data

〈
Ô(t)Ô†(0)

〉
.

We know
〈
Ô(t)Ô†(0)

〉
can be computed directly with a Laplace transformation.

However, in practice directly computing the inverse process has extremely uncontrolled
error for a non-analytical

〈
Ô(t)Ô†(0)

〉
. Below I will introduce the SAC method for

doing this. Before the first step, one may notice for bosonic Ô there is a singular pole in
e−ωt

1−e−βω at ω = 0. To get avoid of this and noticing 1
1−e−βωAÔ(ω) = eβω 1

1−eβωAÔ(−ω)
for Hermitian Ô (e.g., order parameter), one can derive

〈
Ô(t)Ô†(0)

〉
=

∫ ∞

0
dω
e−ωt + e−ω(β−t)

1 + e−βω

1 + e−βω

1 − e−βω
AÔ(ω)

≡
∫ ∞

0
dω
e−ωt + e−ω(β−t)

1 + e−βω
ÃÔ(ω) (D.7)

Here by definition ÃÔ(ω) ≡ 1+e−βω

1−e−βωAÔ(ω) and we would like to solve ÃÔ(ω) below.

Assuming we have Nm data from DQMC for mean value G ≡
∑

m
⟨Ô(t)Ô†(0)⟩

m
Nm

and
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according to Bayes’ theorem P (A(ω)|G)P (G) = P (G|A(ω))P (A(ω)), to make sure
P (A(ω)|G) is large for the given G means to make sure P (G|A(ω)) is large for a given
A(ω). We assume the correctness of this guess P (G|A(ω)) has a Gaussian distribution
with least squares value χ

P (G|A(ω)) ∝ e− χ2
2Θ

χ2 =
∑
i,j

[G′(ti) −G(ti)](C
−1)ij [G

′(tj) −G(tj)]

Cij =
1

Nm(Nm − 1)
∑
m

[
〈
Ô(ti)Ô

†(0)
〉

m
−G(ti)][

〈
Ô(tj)Ô

†(0)
〉

m
−G(tj)]

(D.8)

Here Θ is a tuning parameter working as temperature in classical Monte Carlo, G′ comes
from computation of a given A(ω) and Cij is the covariance matrix describing correlation
between different imaginary-time t. In practice, we begin from a large Θ, setting A(ω)
by summation of a group of delta functions with random position and random height.
Then we compute χ2 and randomly adjust those delta functions based on the weight
e− χ2

2Θ . After equilibrium of Markov chain, we reduce Θ and continue until the fluctuation
of χ reaches below

√
2χ2

min

〈
χ2〉− χ2

min ≈ a
√

2χ2
min. (D.9)

Generally we take a = 1
2 empirically for controlling over-fitting.
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